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Abstract

Ariyawansa and Zhu [5] have recently proposed a new class of optimization problems termed
stochastic semidefinite programs (SSDP’s). SSDP’s may be viewed as an extension of two-stage
stochastic (linear) programs with recourse (SLP’s). Zhao [25] has derived a decomposition algo-
rithm for SLP’s based on a logarithmic barrier and proved its polynomial complexity. Mehrotra
and Ozevin [17] have extended the work of Zhao [25] to the case of SSDP’s to derive a polyno-
mial logarithmic barrier decomposition algorithm for SSDP’s. An alternative to the logarithmic
barrier is the volumetric barrier of Vaidya [20]. It has been observed [9] that certain cutting
plane algorithms [15] for SLP’s based on the volumetric barrier perform better in practice than
similar algorithms based on the logarithmic barrier. There is no work based on the volumet-
ric barrier analogous to that of Zhao [25] for SLP’s or to the work of Mehrotra and Ozevin
[17] for SSDP’s. The purpose of this paper is to derive a class of volumetric barrier decomposi-
tion algorithms for SSDP’s, and to prove polynomial complexity of certain members of the class.

AMS Subject Classifications: 90C15, 90C51, 49M27

Keywords: Stochastic linear programming, semidefinite programming, stochastic semidefinite
programming, volumetric-barrier, self-concordance, decomposition

1 Introduction

Ariyawansa and Zhu [5] have recently proposed a new class of optimization problems termed
stochastic semidefinite programs (SSDP’s). SSDP’s may be viewed as an extension of two-stage
stochastic (linear) programs with recourse (SLP’s) [7, 8, 6, 16, 19]. Alternatively, SSDP’s may be
viewed as an extension of (deterministic) semidefinite programs (SDP’s) [1, 22, 23, 24]. See [5]
for details on these relations and an application of SSDP’s. Zhao [25] has derived a decomposition
algorithm for SLP’s based on a logarithmic barrier and proved its polynomial complexity. Mehrotra
and Ozevin [17] have extended the work of Zhao [25] to the case of SSDP’s to derive a polynomial
logarithmic barrier decomposition algorithm for SSDP’s. The work of Mehrotra and Ozevin [17]
takes the viewpoint that SSDP’s are extensions of SLP’s and utilizes the work of Zhao [25].

An alternative to the logarithmic barrier is the volumetric barrier of Vaidya [20] (see also
[2, 3, 4]). It has been observed [9] that certain cutting plane algorithms for SLP’s based on the
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volumetric barrier perform better in practice than those based on the logarithmic barrier. The
authors know of no work based on volumetric barriers analogous to that of Zhao [25] for SLP’s or
to the work of Mehrotra and Ozevin [17] for SSDP’s.

The purpose of this paper is to derive a class of decomposition algorithms for SSDP’s based on
a volumetric barrier, and to prove polynomial complexity of short step [3, 12] and long step [3, 12]
members of the class.

While there is no work based on volumetric barriers for SLP’s analogous to the work of Zhao [25],
Anstreicher [4] has proved important results on volumetric barriers for SDP’s. The present paper
utilizes the work of Zhao [25] for SLP’s, the work of Anstreicher [4] for SDP’s, and the relationship of
SSDP’s to SLP’s and SDP’s described in [5], to derive volumetric barrier decomposition algorithms
for SSDP’s.

We begin by introducing our notation and then defining a SSDP in primal and dual standard
forms. We let RT denote the set of positive real numbers. All vectors in this paper are column
vectors. We use superscript ‘T’ to denote transposition. The i-th unit vector is denoted by e;. Let
R™X" and R™™ denote the vector spaces of real m x n matrices and real symmetric n x n matrices
respectively. For U,V € R™" we write U = 0 (U = 0) to mean that U is positive semidefinite
(positive definite), and we use U = V or V=< U to mean that U — V = 0. For U,V € R™*" we
write U e V := trace (U'V) to denote the Frobenius inner product between U and V.

Following [5], we define a SSDP with recourse in primal standard form based on deterministic
data A; € R™Y™ for ¢ = 1,2,...,m1, b € R™ and C' € R™Y™; and random data T; € R™Y™
and W; € R™V™ for j = 1,2,...,mq, h € R™, and D € R"2V"2 that depend on an underlying
outcome w in an event space {2 with a known probability function P. Given this data, a SSDP
with recourse in primal standard form is

minimize CeX + E[Q (X, w)]
subject to A; e X = b;, 1=1,2,...,mq (1)
X =

where X € R™V™ is the first-stage decision variable, @ (X,w) is the minimum of the problem

minimize D(w)eY

subject to Tj(w)e X + Wj(w)eY = hjw), j=1,2,...,mq (2)
Y = 0
where Y € R"2V"2 is the second-stage variable, and
EQ(Xw)] = | Q(X.0) P(d), 3)

Also following [5], we define a SSDP with recourse in dual standard form based on deterministic
data A; € R™V™ for § = 1,2,...,m1, b € R™ and C € R™V™; and random data d € R™2,
W; € R™V™2 for 4 = 1,2,...,mq, T; € R™V™ for i = 1,2,...,meo, and D € R"2V"™ that depend
on an underlying outcome w in an event space 2 with a known probability function P. Given this
data, a SSDP with recourse in dual standard form is

maximize b’y +E[Q (y,w)]
m

subject to Z yiA; = C W
i=1



where y € R™ is the first-stage variable, @ (y,w) is the maximum of the problem

maximize  d(w)'x
mi ma2
subject to ZyZWZ(w) + inTi(u)) < D(w) (5)
i=1 i=1
where z € R™2 is the second-stage variable, and
EQw)] = | Qo) Plav). (©)

See [5] for a justification for referring to problem (1, 2, 3) and (4, 5, 6) as primal and dual problems
respectively.

We now examine the SSDP (4, 5, 6) when the event space € is finite. Let {(d(k),(Wi(k) :
i = 1,2,...,m1),(1}(k) cio=1,2,...,mg),D®) : k = 1,2,... K} be the possible values of
the random variables (d(w), (W;(w) : i = 1,2,...,m1),(T}(w) : i = 1,2,...,m), D(w)) and let
pr = P((dw), Wi(w) : i = 1,2,...,m1), (Ti(w) : i = 1,2,...,ma), D(w)) = (d®, (W* i =
1,2,...,mq), (Ti(k) ci = 1,2,...,my), D® )) be the associated probability for k = 1,2,..., K.
Then Problem (4, 5, 6) becomes

K
maximize by + Zka(k)(y)
k=1
(7)
mi
subject to Z yi A = C
i=1

where y € R™ is the first-stage variable, Q) (y) is the maximum of the problem

maximize (d®*))Tz*)

mi m2 (8)
subject to Zini(k) + Z a:l(-k)Ti(k) < DW),
i=1 i=1
where (%) € R™2 is the second-stage variable, for k =1,2,..., K.

In the rest of this paper our attention will be on Problem (7, 8), and from now on when we
use the term stochastic semidefinite program (SSDP) in this paper we mean Problem (7, 8) or the
equivalent form (9, 10) below.

The paper is organized as follows. In the next section we state some mathematical preliminaries.
In §3 we introduce a volumetric barrier for the SSDP (7, 8). In §4 we show that the set of barrier
functions for positive values of the barrier parameter comprises a self-concordant family [18]. Based
on this property a class of volumetric barrier decomposition algorithms is presented in §5. A
convergence and complexity analysis of this class of algorithms is presented in §6.

2 Preliminaries

In this section we introduce some further notation, and in order to make this paper self-contained,
state some results from linear algebra and matrix calculus which we borrow from [4] (see also
[11, 13, 14]).



Proposition 1. Let A, B € R™*™. Then
1. trace(AB) = trace(BA);
2. if A is symmetric, then trace(AB) = trace(ABT);
3. if A and B are positive semidefinite, then Ae B >0, and Ae B =0 if and only if AB =0;
4. if A= 0 and B> C, then Ae B> AeC(.

Let A € R™*" and B € RF*! respectively. Then we define the Kronecker product A ® B €
R™**nl of A and B as the matrix whose (i, j) block is ai;Bfori=1,2,...,m,j=12,...,n. We
also define

A®, B = %(A®B+B®A).

For a matrix A € R™", we use vec(A) € R™" to denote the vector formed by “stacking” the

columns of A one atop another in the natural order. We have
Proposition 2. Let A, B,C,D € R™", Then
1. (A® B)(C® D)= AC ® BD;
2 (A®, B)(C ®, D) = %(AC %4 BD + AD , BC);
3. (AeB)T = AT®@BT;
4. if A and B are nonsingular, then A ® B is nonsingular, and (A® B)™! = A~' @ B~}
5. vec(ABC) = (CT ® A)vec(B);
6. if A and B are positive semidefinite, then A ® B is positive semidefinite.
We end this section by stating the following matrix calculus results.

Proposition 3. Let X € R"*" be nonsingular, and det(X ) be positive. Then
0

axij

In det(X) = [X_l]ji,

and

0

81‘2' 7

X' =-X"ee] X7,
fori,j=1,2,...,n.

3 A Volumetric Barrier for SSDP’s

In this section we formulate a volumetric barrier for SSDP’s and obtain expressions for the deriva-
tives required in the rest of the paper.



3.1 Formulation

Before we proceed, we notice that the constraints in (7, 8) are negative semidefinite while the
common practice in the SDP literature is to use positive semidefinite constraints. So for convenience
we rewrite the problem as follows. First we rewrite (7, 8) in the form

K
minimize —bTy + Z ka(k) (v)
k=1

m
subject to Zy,-A,- - C =<0,
i=1
where for k =1,2,..., K, Q®(y) is the minimum of

minimize —(d®*))Tz®*)

subject to Zyl —I—Zx i — D% <.
=1

Then we multiply all the constraints by (—1) and replace each data vector and matrix in the
problem by its negative. We get

K

minimize b7y + > pQ® (y)
k=1

mi
subject to ZyiAi - C >0,
=1
where for k =1,2,..., K, Q¥ (y) is the minimum of

minimize (d®*))Tz®*)

i m2 (10)
subject to Zini(k) + ngk)Ti(k) — D®) = 0.

i=1

In order to define the volumetric barrier problem for the SSDP (9, 10), we are going to make
some assumptions. First we define

Fi = {yeR™: S(y ZyZA C = 0};
m2
Ay = {2®erm: sV (y0 Zy DS ™ p® o)
o = {yerRm:FP@)£0, k=12 K}
fo = flnfg.



Then we make
Assumption 1. The set Fy is nonempty.

The set F7 is nonempty under Assumption 1. The logarithmic barrier [18] for F; is the function
f1: F1 — R defined by
fi(y) := —In det(S1(y)), Yy € F,

and the volumetric barrier [20, 18] for F; is the function V; : 71 — R defined by

Vi(y) := %ln det(V2fi(y)), Vyé€ Fi.

Also under Assumption 1, F» is nonempty and for y € Fs, J-}Ek) (y) is nonempty for k =1,2,... K.
The logarithmic barrier [18] for fi,gk) (y) is the function f2(k) : ]:;,gk) (y) — R defined by

£ (,2) = I det(s57 (g, 2 @), va® € FV @), y € A,
and the volumetric barrier [20, 18] for J-}E’f’ (y) is the function V2(k) : ]:;,gk) (y) — R defined by

1
Vz(k)(y,$(k)) = ) In det(Vi(k)x(k)fz(k)(y,m(k))), vz ¢ }"ng)(y), y € Fo.

Next we make

Assumption 2. For each y € Fjy and for k = 1,2,..., K, Problem (10) has a nonempty isolated
compact set of minimizers.

We now define the volumetric barrier problem for the SSDP (9, 10) as

K

minimize (1) 1 =0Ty + Y prpr(i,y) + perVi(y), (11)
k=1

where for k =1,2,..., K and y € Fy, pr(i,y) is the minimum of
minimize (d®)T2® + e, VP (y, 28). (12)

Here ¢; > 0 and ¢o > 0 are constants whose values will be defined more precisely in the sequel and
> 0 is the barrier parameter.

We will now show that (12) has a unique minimizer for each y € Fy and for k =1,2,... K by
utilizing;:

Theorem 1 (Fiacco and McCormick [10, Theorem 8]). Consider the inequality constrained
problem
minimize f(x)

. . 1

subject to g;(z) >0, i=1,2,...,m, (13)
where the functions f,g1,...,9m : R™ — R are continuous. Let I be a scalar-valued function of
x with the following two properties: I(z) is continuous in the region R® = {x : gi(x) > 0,i =



1,2,...,m}, which is assumed to be nonempty; if {xy} is any infinite sequence of points in R°
converging to xp such that g;(xp) = 0 for at least one i, then limy_,o I(x) = +00. Let s be a
scalar-valued function of the single variable v with the following two properties: if r1 > ro > 0,
then s(r1) > s(re) > 0; if {ri} is an infinite sequence of points such that limy_,oo 7, = 0, then
limg_oo 5(7x) = 0. Let U : R® x RY — R be defined by U(z,r) = f(x) + s(r)I(z). If (13)
has a nonempty, isolated compact set of local minimizers and {ry} is a strictly decreasing infinite
sequence, then the unconstrained local minimizers of U(-,ry) exist for ry small.

Lemma 1. If Assumptions 1 and 2 hold, then for each y € Fo and k = 1,2,..., K, the Problem
(12) has a unique minimizer for p small.

Proof. For any given y € Fy, V2(k)(y,a:(k)) is defined on the nonempty set f,gk) (y). The posi-

tive definite matrix Sék)(y,m(k)) can be factored into the product of three matrices: a unit lower
triangular matrix L, a positive definite diagonal matrix D, and the transpose of L, such that
S(k) (y,x(k)) LDLT. Let d; denote the j-th diagonal element of D viewed as a function of
a:(k ]—"(k (y), for j = 1,2,...,n9. Then d; is continuous for j = 1,2,...,n2 [21]. Then the
constraint S, (k) (y,2)) = 0 can be replaced by the constraints: d;(z*)) >0, j=1,2,...,ny [21].
So (10) can be rewritten in the form of (13). Therefore, by Theorem 1, local minimizers of (12)
exist for each y € Fy and k = 1,2,... K for u small. The uniqueness of the minimizer follows from

the fact that VQ(k) is strictly convex. O

By Lemma 1, the Problem (11) is well-defined, and its feasible set is Fj.

3.2 Expressions for partial derivatives of n with respect to y

In order to compute the derivatives of 1 we need the derivatives of pr, k = 1,2,...,k, which in
turn require the derivatives of V(k and f2(k) for each £k =1,2,..., K. Some of these computations
are lengthy and it is convenient to drop the superscript (k). We do so when it does not lead to
confusion.

Also we make

Assumption 3. Matrices Ti(k), 1 =1,2,...,mg are linear independent for k =1,2,..., K.

Let 7 € R™>*™2 he the matrix whose i-th column is vec(T;) € R™ for i = 1,2,...,mq. Then
the Hessian matrix H := V2_f2(y,x) can be represented in the form (See also [1].)

H:=V2,foly,x) = T[Sy © 817

Note that by Proposition 2 and Assumption 3, H is positive definite. We have (See also [4].):

% = (TH'TT)e(S;'Ti5;" @, 557)
Ty
- _p.(52_1/21}52_1/2®51),
for i =1,2,...,my, and
oVa(y,z) ~17T LS5t -
D - —(TH'TT) e (S5 WiS5" @, S5 (14)

= —Pe (S WSy P @, 1),



fori=1,2,...,m1, where

P=P(S) = (S @8 (T8 @ ;)T T7(s, 2 551/

is the orthogonal projection onto the range of (52_1/2 ® 52_1/2)’2';

2

V?(;y‘/é(y7 .'13') = VQ(y, .13) = 2Qxy + R* — 2]”"3/7

Oyox
where
QY = (TH™'TT) o (S35 ' W; 7! @, 571,
Ry = (TH'TT) e (S;'Ti8y" @, S5 ' W;8;),
TH = (TH'T")e (S5 T3Sy @y S NYTH YTV (S, W8, @6 Soh);
2
ViValy: @) = 5o Va(y,@) = 2077 + R — 21,
where
QY = (TH™'TT) e (Sy'WiSy ' T3S, @, S5,
RYy=(TH™'TT) e (57 W8y @, 57 T;85 ),
TP = (TH'TT) e (S Wiyt @, Sy NVTH Y TT(5; 11,5, @6 55);
2
V%xVQ(y,a:) - 5o V2(y7x) — 207 4 R _ 9T
where
= (TH'TT) e (5;' 1,8, ' T35 " @4 S5,
RiS = (TH'TT) e () 1;5;" ®: 85135, ),
T =(TH'TT) o (S3' 1Sy @, Sy ) TH ' TT(S;'T557 " @4 831);
2
ViValu: @) = 5 o Valy, @) = 2Q% R = 27,
where

QY = (TH'TT) o (S3 Wiy ' W; 5 @, 551,
RY = (TH'TT) o (5, 'W;S, " @, 5115, 1),
TV = (TH'TT) o (S5 ' W; S5t @4 Sy VTH T (S ' WS, @4 S57h).

Proposition 4.
Viy‘é(ya $> = [VSng(y, $>]T

Proof. First we show Qf’? = in’ We have

(TH'TT) o (S5 WSy ' T;55 ' © S31)

= trace((TH T T)(Sy ' W; Sy ' T;85 @5 S31)T)
= trace((TH 'TT)(Sy ' W; S, 1,5, @5 S31))
(TH'TT) o (S WiSy ' T3Syt @5.55)T
(TH'TT) o (S;' T8, ' WSy @, S5 1)

= Q.

Yy
Qi

. . X X €T X
By similar arguments we can show that R} ;= Rjzj and Tiyj =T; . Hence
i b i b

Viyvé(yv $) = [szVQ(yv $)]T

(16)



Proposition 5. Let (y,x) be such that S2(y,z) = 0. Then we have
0= Q%W =V, Va(y,z). (17)
Proof. (See also [4].) Let £ € R™, £ # 0. We have

TQWe=) QW& =TH 'T o (5;'BS;'BS;' ®,5,') =P e (B*®,1),

1,
where B 1= B(£) := Y. ", &W;, and B = 52_1/2352_1/2. Similarly we have
¢TRWE =TH T o (5;'BS;' ®, S;'BS;') = Pe(B® B),

and
ETTWE = TH'T o(S;'BSy @, Sy )WTH T (S;'BSy! @4 551)
= Pe(B®,1)P(B®,I).

Since I, P and B? are all positive semidefinite, we immediately have Q¥ > 0 from Proposition
1 and Proposition 2. In addition, P is a projection implies that

(Bes NP(B®sI) = (BasI)(B®sI) == ((B*®sI)+ (B ® B)). (18)

N —

We conclude that

Pe(B®,I)P(B®,I) < %P-((B2 ®s 1)+ (B ® B)),

1
which is exactly £TT%¢ < EST(QW + RY)E. Since & is arbitrary, we have shown that 7% <

1
3 (QY + RY), which together with Q¥Y > 0 implies

0=Q%Y =V, Va(y,x). O
Proposition 6. For any ¢ € R™, let B = 52_1/2(2?;11 iWi)Sgl/Q. Let (y,x) be such that
Sa(y,x) = 0. Then

1 _
&rQwe > —|BP,
ny

(19)
. = 3/2
e |Bl < ny(TQue)2,
Proof. Let Ay, Ag,... ,7/\n2 be the eigenvalues of B, with corresponding orthonormal eigenvectors
V1,02, ..., Uny. Then B? @, I has a full set of orthonormal eigenvectors v; ® v;, with corresponding

eigenvalues (1/2)(\? + )\3) fori,5 =1,2,...,n2. We have

n2

§'Q¢ = P- % Z (A2 + X3) (v @ v)) (v; @ v;)T
i,j=1
L+ A @ ) TPy 0 ).

Z‘?j



2

Let w1, po, ..., Fn2 be the eigenvalues of P with corresponding orthonormal eigenvectors wy, uo, . . ., U2

Then
n3
P = Z ,ulululT.
=1
2

Since P is a projection from an nj X n% space onto an n% space, we have (1] = g = ... = ip, =1
(rearrange indices if necessary). Consider uy for some k, we have

na
Ul = Z Cz'j(’l)i X ’Uj),
i,j=1
for some constants c;j, for 7,5 =1,2,...,n9, and
n2
o= uglla =11 cijvi @ v5)ll
i,j=1
na
< Y e @0l
i,j=1
n2
= > el
i,j=1
Thus there exist iy, ji such that
1
[ (v @ 03 )| = leig] = =
2
Hence
1 '
§1Q¢ = 5> N+ Diov) Q) (v; ® v))
i,j 1=1
1 v
= 5 STOFHADD (v @ vy) Tw) (u] (v @ v5))
ij =1
1 v
= 5 Z(AZ + A il (v @ vy)
= 1

= —Z A2+ 2) Zm (v; ® v;)[?

> Z >‘2 +)‘2 ’u-lg(vlk ®vjk)‘2)
1 2 2 1 1 2 2
> L TTon =L sp O
Now for the Problem (12) we have
pr(p,y) = d' T + peaVa(y, ), (20)

10



where Z is the optimal solution for (12). We notice that z is a function of y and the relationship

between T and y is defined by

ox

Lemma 2. Let f be a differentiable function of x and y. Suppose that x := Z(y) satisfies

Then

Proof. f.(x,y)|z=z = 0 since T satisfies (23). Noting that
f2(Zy) = fao(@,y) 2=z,

the result follows.

Proposition 7.

oz
Proof. By (21), = satisfies

ox
The result then follows from Lemma 2.
Proposition 8.
82
—W(y,z) = 0.
82/85% 2(y7x)

Proof. By (24)

oz

0
—[d 2 + pcaVa(y, )| o=z = 0.

0
—[d" % + peaVa(y, 7)) = 0.

0
—[d"x + peaVa(y, )] = 0.

9 (. 7) = —d®  (uca).

The result follows from the fact that d*), 1 and ¢y are not functions of y.

(21)

(24)

(25)

O

Now we are ready to calculate the first and second order derivatives of pj with respect to .

We have
Vypr(i,y) = Vy(d'Z + peaVa(y,

5 8(37: ) oy
_ P\ Y
= peaVyVa(y, 7),
and )
Vouok(,y) = Vy(Vypr(,y))

= Vy(ueaVyVal(y, 7)) o
X
= u@a—(Vsz(y?a’f))'—Jru

T dy
_ 08_2‘/( .Cf) @4_ c
= 'uzc‘)f@y 2(Y, By uea

= peaVy,Va(y,z)  (by (25)).

11

z))
dy
)

Co—
o

Oydy

Opr(p,y) 0T N Ipr (s y)

0 (VyWa(y, )

Va(y, )



Theorem 2 (Clairaut’s Theorem). Suppose f is a function of two variables and it’s defined on
a disk D that contains the point (a,b). Let

0% f
f:cy - ma

and o
Jve = Groy

If the functions fry and fy. are both continuous on this disk, then

fl‘y(av b) = fyﬂ?(CL?b)‘

Theorem 3 (An extension of Clairaut’s Theorem). Let

03 f
fmmy =~ a3 A _a_
0yoxdx
O3 f
f:cyx = A3 .a a_
0x0yox
and
O3 f
fywx =~ 4a5.9.9 °
0xdxdy
If the functions feyz, fyex and frey are all continuous, then
fxxy = f:cyx - fy:c:(;- (26)

Proof. If the third order derivatives are continuous then the second order ones are also continuous.
So by Clairaut’s Theorem we have

fxxy = (f:c)xy = (f:c)yx = f:cyx = (f:cy):c = (fy:(:)x = fy:(::(:' U

In general, we can extend Clairaut’s Theorem to any order of mixed partial derivatives. The
only requirement is that in each derivative we differentiate with respect to each variable the same
number of times.

Now we have

szypk(r“’y) = Vy(Viypk(u,y))
= Vy(uc2Vi,Va(y, 7))

. 0% 0 -
= MC2zi%(‘72yV5(y,ﬂﬁ) oy 4‘/tczzﬁ;(‘7§yvé(yalﬁ)
83 = 3

= N@m‘@(y,i‘) T

0 _
= Mczzﬁziﬁig‘@(y,x)"——

= peaVy,, Va(y,z) (by (25) and (26)).

In summary we have

Voorlpy) = peaVy Vit (y, 28)),

Voo y) = peaVE Ve (y,z®), (27)
V3 ok y) = peaV3, Vi (y, z0),

12



and

Vyn(uy) = b4+ puciVyVily +Zu62v Vi) (g, 200,
k=1 (28)
Von(y) = paViVily +Zu02vyyv2( )(% k),
k=1

where vyvz(’f’ (y, z%)), \% V(k)( ,2k)), and ngyv(k)( ,2®)) are as in (14), (15) and (29) respec-
tively.

4 Characteristics of n: a self-concordant family

4.1 Self-Concordance of n(yu,-)

Definition 1 (Nesterov and Nemirovskii [18, Definition 2.1.1]). Let G be an open nonempty
convex subset of R”, and let F be a C3, convex mapping from G to R. Then F is called a-self-
concordant on G with the parameter o > 0 if for every x € G and £ € R", the following inequality
holds:

ID3F(2)[¢,6,€]] < 207 V2(D2F(2)[¢, €)% .
An a-self-concordant function F' on G is called strongly a-self-concordant if F' tends to infinity for
any sequence approaching a boundary point of G.

We note that in the definition above the set G is assumed to be open. However, relative
openness would be sufficient to apply the definition. See also [18, Item A, Page 57]. We now show
that pg(u, ) is p-self-concordant on Fy, for k =1,2,..., K. It is clear that Fy is open.

Theorem 4. For any fized p > 0 and co = 225n§/2, pr(p,+) is p-self-concordant on Fy, for
k=1,2,..., K.

In order to prove Theorem 4 we need some intermediate results which we now obtain. Let (y, x)
be such that Sy(y,z) > 0, and £ € R™. We immediately obtain
%éTnys = 2TH'TT(S;'W;S; @, S HTH'TT
(S3'BS;'BSy ' ®, 551
+TH'T - —(S;'BS;'BS; ' @, S;71),

9y
where B := B(&) := > " &W;, and

8%(52—1352—13551 ®s S5 1)
= —(s;iwisz-iBs;iBs;i + 5;1135;113/2-55135;1 +S;'BS; ' BS; WS, )
®sS5 " — Sy BSy'BSy " @4 S5 ‘W55

We conclude that the first directional derivative of £ TQYY¢ with respect to v, in the direction
¢, is given by

V,ETQWEE] = Z & Qe
= 2P (B ®S IP(B?>®s1) - 3P - (B*®s1)— P-(B?®; B),
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where B := S~Y2BS~1/2 and P is defined as before. Similarly we obtain

VyTRYWE[E] = 2P (B I)P(B @ B) —4P - (B> ®, B),
VyETTWEE] = 4P- (B, I)P(B®,I)P(B®sI)—4P - (B®,I)P(B* ®,1)
—2P - (B®, I)P(B ® B).

Combining the previous results, we obtain the third order directional derivative of Vi (y, z) with
respect to y as:

Vo Vo(y, ) [6,6,€] = 12P- (B®,1)P(B*®,1)
—6P - (B?) Ry [) —_6P - (B2 R B)
+6P - (B®,I)P(B® B)
—8P - (B®, I)P(B ®,I)P(B ®,1I).

(29)

In the proof of Theorem 4 we need to bound V3, Va(y, ) [£, &, £]. We now obtain such a bound.

Proposition 9. For any £ € R™!, let B = 52—1/2(2?21 iWi)S2—1/2_ Let (y,x) be such that
Sao(y,z) = 0. Then )
V3, Valy:2) [€.6,€]] < 30|BIETQue. (30)

Proof. (See also [4].) Using the fact that

_ _ 1 _ _
(B* @5 I)(B @, I) = 5((B° @, 1) + (B* ®; B)),
(29) can be re-written as

Vi Ve(y, @) [6,6,€] = PBI)P-(12(B*@,1)

+6(B®s B) —8(B®s )P(B®I) (31)
—12P - (B2 @4, I)(B ®4I)).

From (18) we have
12(B* @, 1)+ 6(B®s B) —8(B®s NP(B®I) = 8(B*®, 1) +2(B ®, B).
Using the facts that (B2 ®, 1) = (B® B) and (B ® B) = (—B? ®, I), it follows that

6(B% ®51) 12(B?2 @5 1)+ 6(B®s B) —8(B®s I)P(B®1I)

=<
2 18(B . (32)

Let A1, A2,..., A, be the eigenvalues of B. Then the eigenvalues of (B ®g I) are of the form
(1/2)(X\i + Aj), for i,5 =1,2,...,m;. We have

—|B|I = (B®sI) = |B|I,

and B ) )
—|B|P < P(B®sI)P < |B|P. (33)

Using (32), (33), and the face that (B? ®; I) = 0, we obtain

|P(B®@sI)-(12(B*®1)+6(B® B) —8(B®sI)P(B®s1))|
< 12|B|P- (B?>®,1).
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In addition, (B? ® I) and (B ®, I) have the same eigenvectors implies that
—|B|(B*®, 1) < (B*®,I)(B®, 1) < |B|(B*®,I).

Therefore we have B B B )
P (B2 @, I)(B ®, 1)| < |BIP - (B, ) (33)
The conclusion follows from (31), (34) and (35). O

We can now state the proof of Theorem 4.

Proof of Theorem 4. Combining the results of (17), (19) and (30), we obtain

|V2ny2(y,i‘) €,€,€]] < 30n§/2(5Tv§y1/2(y7j)£)3/2,

which combined with (27) gives us
V3,oe) [€.6.611 < B0ucany*(V2, Valy, @) €. €)%
= 2u" V2 (o2, Va(y, ) [€, €))%/
= 2™ (VEe(y) [€,€)%2 O

Corollary 1. For any fixed p > 0, ¢ := 225,/n1 and ¢y := 225n§/2, N, ) is a p-self-concordant
function on Fy.

Proof. 1t is easy to verify that uciVy is p-self-concordant on Fj. The corollary follows from
[18, Proposition 2.1.1]. O

From here onwards we fix the values of ¢; and ¢y as in Corollary 1.

4.2 Parameters of the Self~-Concordant Family 7(u, -)

Definition 2 (Nesterov and Nemirovskii [18, Definition 3.1.1]). Let R™ be the set of all
positive real numbers. Let G be an open nonempty convex subset of R™. Let u € RT™" and let
F, : R™* x G — R be a family of functions indexed by p. Let ay(p), ao(p), as(p), as(p) and
as(p) : Rt — RTT be continuously differentiable functions on g. Then the family of functions
{F.} per++ is called strongly self-concordant with the parameters a1, g, as, a4, as, if the following
conditions hold:

(i) F), is continuous on R x G, and for fixed p € R**, F), is convex on G. F), has three
partial derivatives on G, which are continuous on R*™" x G and continuously differentiable
with respect to g on RTT.

(ii) For any p € RT™, the function F), is strongly a;(p)-self-concordant.

(iii) For any (p,z) € RT™ x G and any ¢ € R",

=

(Ve Fu(p, 2)[€]Y — {nas (1)} Vo (i, 2)[€)] < au(p)ar(p)? (V2 Fulp, 2)[E,€]) 2,

|{v§mFM(M7 x)[fa f]}/ - {anQ (M)}/VixFH(M7 x)[fa f” é 20&5 (M)V?ﬂmFH(M7 x)[fa f]
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Theorem 5. The parametric function n(u,-) is a strongly self-concordant family with the following
parameters

ai(p) = p, aa(p) = az(p) = 1, aa(p) = p~" ((macr + maco)(1+ K))'/2, as(n) = %

By Corollary 4, in order to prove Theorem 5, we only need to show that the two inequalities
in Definition 2 (iii) are satisfied by n(u,-). We first show the validity of the second inequality in
Definition 2 (iii).

Lemma 3. For any p > 0 and y € Fy, the following inequality holds:

1
V20 (m,y)[€, €] < ;Vf,yn(u,y)[f,ﬂ, VE e R™.

Proof. Differentiating (28) with respect to p and using (25) and (26) we obtain

e2(V2, V3 (y,2®)) + uv3 Vi (y, 38)) - (z W)

yyr

M) =

Ve (my) = aViVily) +

=

hEE

= aVZ Vi) + Y v vy, z®),

ol

=1

1
which is exactly —szn(u, y). The conclusion follows since szn(u, y) is positive semidefinite. O
7

For fixed (y,Z) with Sa(y,Z) = 0, let T; = 52_1/2Ti52_1/2, 1=1,2,...,m9 and
W; = 52_1/2Wj52_1/2, j=1,2,...,m;. We apply a Gram-Schmidt procedure to {7};} to obtain
{U;} with ||U;|| = 1 for all ¢ and U; - U; = 0,i # j. Then the linear span of {U;,i = 1,2,...,ma}
is equal to the span of {T},i = 1,2,...,ma}. Let U be the n? x my matrix whose i*" column is
vec(U;) and let ¥ = Y12, U2. Then P = P(S3) = UU'T. We have

%yyf@ = —P-(W;®sI)=-UUT - (W; @, 1) = trace(UT (W; @, I)U)

- _% i vec(Uy) T [(W; @ I) + (I @ W;)|vec(Uy)
k=1

= ) i (36)
— _5 Z vec(Uk)TveC(UkWi + WzUk)
| o S o _
= 3 ZUk (UsWi + WiUg) = =W, - (Z Up) = =W %.
P k=1

16



Similarly we have
Q?’ZJJ = P- (V_VZW] Qs I) = trace(UT(Win Rs I)U)
ma2
= Zvec(Uk)T(Win ®s I)vec(Uyg)
k=1

1 > . .
= 3 ZVGC(Uk)TVGC(UkWZ‘ i+ WiW;Uy,)
k=1

m2

1 = % = o 37
— §ZUk (UWiW; + WiW,;Uy) (37)
k=1
1 5 L
= 3 > trace(Ux (UpW; Wi + W Wil))
k=1
ms
= Ztrace(WiU]ij) = trace(W;SW;).
k=1
Proposition 10. Let (y,z) be such that Sa(y,z) > 0. Then
VyVa(y, #)T (Vi Va(y, ) 'V Valy,z) < mo. (38)

Proof. (See also [4].) Let 20 be the n2 x m; matrix whose i*" column is vec(W;). Then from (37)
we have

Qf”j = trace(W;=W;) = vec(W;) Tvec(SW;) = vec(W;)T (I @ X)vec(W;).

We can then write Q¥Y = 207 (I @ X)20. Also it follows from (36) that V,Va(y, )T = —20Tvec(Z).
Hence

VyVa(y, 2)T[QW] 7'V, Va(y, &) = vec(T)"W(W' (I ® X))~ W vec(L)
= vec(EVHT(I @ 2V (I @ £)20) 107
(I @ 1/?)vec(B1/?)
< vec(B1/2)Tvec(EV/?) = trace(X) = mo,

since ¥ = Y12, U2, and trace(U?) = Uy, - Uy, = 1 for each k. In addition, Q%Y < VZVg(y,a’f) implies
(V2Va(y,z))~! =2 (Q¥)~1. So the result follows. O

It can be easily verified that (38) is equivalent to the following inequality

Vol D)l < \fmaVE,Va(y,0)l,E], VE € R (39)
Now we show the validity of the first inequality in Definition 2 (iii).

Lemma 4. For any p >0 andy € Fy, we have

\/(mlcl + m2c2)(1 + K)
o

IV yn (11, y) €]

IN

V2 (g6, €], VE € R™,

Proof. From (28) and (24) we have
K
Vel (my) = aVyVily) + > eV (y,2®) + 102,137 (y,20) - 20y
k=1

K
= aVyVi(y) + Z CQVyVQ(k)(y, k)
k=1
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Anstreicher [4, Theorem4.4] has shown that
Vi) (Vi Vi) "'V Valy) < ma,

which is equivalent to

IV, Vi (y \/m1V2 Vily)€, &), V€& € R™. (40)
Then we have for all £ € R™! that
Iy (1, 9) T [£]|
= [(aV,Vily +ZC2V Vit (y, 2%0)) T[]
k=1
K
< V@) T+ Y e, V3 (5, 29) T
k=1
< \/mlc%Vnyl )€, €] —i—Z\/mzC V2 V y, z®)[¢, €]

= \/(mlcl)clvgyvl(y)[fvﬂ + Z \/(m202)C2V32,yV2( (y,z®)[¢, €]
h—

k=1

< J(m101+mzc2)( + K)(e1 V2, Vi(y)[€, €] +ZCzV 3 (y,20) g, €])

\/(m161 + macz)(1 + K) V2y77(% )€, €. -

7

With Lemma 3 and Lemma 4 established, we have that Theorem 5 is true.

5 A Class of Volumetric Barrier Algorithms for Solving SSDP’s

In §4 we have established that the parametric functions n(u, -) is a strongly self-concordant family.
In this section we introduce a class of volumetric barrier algorithms for solving (9, 10). This class,
indexed by a parameter v € (0,1), is stated formally in Algorithm 1.

Our algorithm is initialized with a starting point ° € Fy and a starting value u° > 0 for the
barrier parameter u. We use § as a measure of the proximity of the current point y to the central
path, and 3 as a threshold for that measure. If the current y is too far away from the central path
in the sense that § > (3, we apply Newton’s method to find a point close to the central path. Then
we reduce the value of i by a factor v and repeat the whole precess until the value of p is within
the tolerance e.

6 Complexity Analysis
For fixed p > 0, the function n(u,-) possesses many nice properties. The following proposition
follows directly from the definition of self-concordance and [18, Theorem 2.1.1].

Proposition 11. For any > 0, y € Fy and Ay, we denote
1
d:= \/;AyTvgyn(u,y)Ay. Then for § < 1,7 € [0,1] and any & € R™2 we have

Ve i,y + TAY)E < (1—76) 2TV n(p,y)E.
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Algorithm 1 Volumetric Barrier Algorithm for Solving SSDP (9, 10)

Require: ¢ >0, v € (0,1),0 >0, 3> 0, y° € Fy and pu° > 0.
y =y, pi=p°
while ;4 > ¢ do
for k=1,2,...,K do
solve (12) to obtain z*)
end for

compute Ay := —[V2, n(u,y)) " Vyn(p, y) using (28)

compute O(pu,y) := \/%AyTvgyn(,u,y)Ay using (28)
while § > § do
y:=y+60Ay
for k=1,2,..., K do
solve (12) to obtain z(*)
end for

compute Ay := —[VZ, n(u,y)] "' Vyn(p,y) using (28)
1
compute 6(s.3) = - AYTV, (s )Ay using (25)

end while

=y
end while

We also have the following lemma that describes the behavior of the Newton method as applied
to n(u,-). This lemma is essentially a restatement of [18, Theorem 2.2.3] for the setting of the
present paper.

Lemma 5. For any p > 0 and y € Fo, let Ay be the Newton direction defined by Ay :=
~ [Vl )]~ Vyn(p,y). We denote

1

Then the following relations hold:
(i) If § < 2 — /3 then
Syt am < (0) <0
py+Ay) s |i—5) <35
(ii) If § > 2 — /3 then

(1t y) = np,y + 0Ay) > p[d — In(1 + 9)],
where § = (14 )%

Depending on the manner in which v in Algorithm 1 is chosen, we have two classes of algo-
rithms: short-step algorithms and long-step algorithms. In the next two subsections we present the
complexity analysis for these two classes of algorithms.
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6.1 Complexity of Short Step Algorithms

The i iteration of the short-step algorithms is performed as follows: at the beginning of the itera-
tion, we have (=1 and y~1) on hand and y*~1) is close to the center path, i.e. 5(u(i_1),y(i_1)) <
(. After we reduce the parameter p from =Y to p' := yul~Y, we have that 5(ui,y(i_1)) < 20.
Then a full Newton step is taken to find a new point y* with §(u?,y*) < 3. We will show that in each
iteration after we reduce the parameter u, one Newton step is sufficient to restore the proximity to
the central path. We assume that we can solve all the subproblems exactly and we fix the value of
v :=1-0.1/y/(mic1 + macy)(1 + K). We have the following lemma and the proof of the lemma
follows from [18, Theorem 3.1.1].

Lemma 6. Let v := 1 —0.1/\/(mici +maco)(1 + K) and B := (2 —V/3)/2. If 6(u,y) < B, then
o(yp, y) < 20.

Proof. In order to apply [18, Theorem 3.1.1], we fist write the metric defined by (3.1.4) in [18] for
our problem as follows: for any 0 < u™ < p,

Xe (5 10, 107T) o= (1 | Yl +mac)( +K)> In ( a > .

K wt
Let k := 28 := 2 — /3. Since d(i,y) < k/2, one can verify that pu+ := yu satisfies

1 5,
xn(n;u,ﬂ)éigl— (iy).

So by virtue of [18, Theorem 3.1.1], we have 6(u™",y) < k. O

By inequality in Lemma 5(i) and Lemma 6 we have that in Algorithm 1, we can reduce the
parameter y by the factor v :=1—0.1/y/(m1c1 + mac2)(1 + K) at each iteration, and use only one
Newton step for recentering if necessary. So we have the following complexity result for short-step
algorithms.

Theorem 6. Let 3 := (2 —/3)/2 and v := 1 — 0.1//(mic1 + maco)(1 + K) in Algorithm 1. If
§(u°,y%) < B, then short-step algorithms terminate with at most
O(y/(mic1 + maca)(1 + K)In(u¥/€)) iterations.

6.2 Complexity of the Long Step Algorithms

In the long-step version of the algorithm, the factor v € (0,1) is arbitrarily chosen. It has potential
for larger decrease on the objective function value, however, several damped Newton steps might
be needed for recentering.

Suppose at the beginning of the i iteration of the algorithm we have a point ¥~ which
is sufficiently close to y(,u(i_l)), where =1 is the current value for the barrier parameter p and
y(u=1) is the solution to (11) for p := p(~Y. We reduce the barrier parameter from (=1 to
gt = ypu= where v € (0,1), and we search for a point y* that is sufficiently close to y(u). We
want to determine an upper bound on the number of Newton iterations that are needed to find the
point .

We begin by defining ¢(u) := n(p, y) — n(u,y(n)), Vu>0.

The function ¢ stands for the difference between the objective value n(u’, =) at the beginning
of i iteration and the minimum objective value n(u?, y(u?)) at the end of i iteration. Then our
task is to find an upper bound on ¢(u).

The next lemma gives us upper bounds on ¢(u) and ¢’(u) respectively.
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Lemma 7. let ;1> 0 and y € Fy, we denote Ay :=y —y(i) and define

. 1
0= \/;AyTvzyn(u y)Ay.

If 6 < 1, then the following inequalities hold:

o() < [%5 in(l - 5)] i,

|0/ ()] < —In(1 = 8)y/(macr + maca) (1 + K).
Proof.

1
6(1) = 1, ) — 1, y(n)) = /O V(i y() + (1 - 7)Ay) T Agdr.

Since y(p) is the optimal solution, we have

Vyn(u,y(p)) = 0.

Hence

o) = / / Ay"V2 n(p,y(p) + (1 — o) Ay)Aydadr

IA

1 /1452
/ / ——————dadr (by Proposition 11)
0o Jo (1—0+ad)?

= LLS +1In(1 — 5)] L

This proves (41).
For any p > 0,

¢ (p) = ”E“’y) — ' (i, y (1) = Vi, y (1) Ty ()

=7

From Lemma 4 we have that for any 4 > 0 and y € Fy
1
V' (1, ) T [V (s )]V () < ;(mlcl + macz)(1 + K).

Applying the Mean-Value Theorem we obtain

S = | / Vi (1) + 7Ay)T Agdr|

IN

/ VAV, (. () + Ay) Ay

\/ V' (1, y (1) + TAYT[V2 0, y(1) + 7AY171 V0 (1, y (1) + TAy)dr.
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Using (45) and Proposition 11, and noting that y(u) + 7Ay =y — (1 — 7)Ay, we have

Lg
|¢,(,u)| < / l/ﬁ _ (mlcl + m202)(1 + K) dr
o 1—6+76 7
= —In(1 —08)y/(mic1 +maca)(1 + K).
This proves (42). O

Lemma 8. Let yp > 0 and y € Fy be such that 6 < 1, where & is as defined in Lemma 7. Let
ut =y with v € (0,1). Then

(™ y) =0, y(p")) < O)[(micr +macy)(1 + K)|p™

Proof. We have
1

¢"(w,y) =" (1, y) — 0" (1 y (1) — Vr(p, y(u) Ty (1)

Since 7(-,y) is strictly concave in p, the first term n”(u,y) is negative. We only need to estimate
the other two terms.
First we differentiate (43) with respect to u to obtain

y' (1) = =V, n(, ()]~ V0 (1, y ().

Hence from Lemma 4 we have the following estimation

=V (s y(u) Ty (1) = V0 (s, y() T [V oy (s y ()] 1V (1, ()

%(mlcl +m2C2)(1 —|—K). (46)

IN

K
Now we want to estimate n” (i, y) for any > 0 and y € Fy. First we observe that n” = Z o, y).

k=1
Differentiating py(p,y) with respect to p we obtain p} (i, y) = c2Va(y, z). Differentiating again we

obtain p} (1,y) = c2VzVa(y,Z)Tz". We differentiate (24) to obtain

1
7 = —;[V:%Té(y, 7)) ' Vialy, ).

Hence we have 1
p;c/(:uv y) = _;CQVEV2(:U7 E)T[V%Vé(y? j)]_lvaé(Zﬁ j)

1
By [4, Theorem 4.4] we have —p} (11,y) < ;czmg. Therefore

K K
1 1
=" (y() = =D phlmy) < Y —comy = —mperK. (47)
k=1 =1 P H
Combining (46) and (47), we have
1
¢"(p) < ;(mlcl + 2macz)(1 + K). (48)

22



Using Lemma 7 and (48), we have

p(ut) = ¢un+wu+—»nwuo+l/i/w¢%umﬂm-
“w T

% +In(1l — 5)] p—In(1 —8)y/(micr + maca)(1 + K)(ut — p)

poopw
+(micr 4 2mac2)(1 + K) / / ptdpdr
wtJr

% +In(1l — 5)] p—In(1 — 8)y/(mycr +maca)(1 + K)(ut — p)

+(micy + 2maco)(1 4+ K)ny =t (pu — pt).
This proves the lemma since § and ~ are constants. O

In the previous lemmas we require 6 < 1. However & cannot be evaluated explicitly. In the next
lemma we will see that ¢ is actually proportional to §, which can be evaluated.

Lemma 9. For any pn > 0 andy € Foy, let Ay := —[szn(,u,y)]_lvyn(u,y) and let Ay = (y—y(u)).
We denote

1 x 1 A
5ﬁ:¢;AfV%MMwA% 5::¢;AfV%W%wAy

If § < 1/6, then

N
&

§<6<

Wil

Proof. See the proof of [4, Lemma 9. O
Combining Lemmas 5, 8, and 9, we have the following theorem.

Theorem 7. Let 3 := 1/6 and v € (0,1) be arbitrary in Algorithm 1. If 6(u°,4°) < 3, then
long-step algorithms terminate with at most O((mycy + maca)(1 + K)In(u®/e)) iterations.

7 Concluding Remarks

In this paper we have presented a class of volumetric barrier decomposition algorithms for (two-
stage) stochastic semidefinite programs (SSDP’s) (with recourse). We have also shown that certain
short-step and long-step members of the class have polynomial complexity in terms of the number
of iterations with the complexity bounds depending on vK and K respectively, where K is the
number of realizations. This is important given the fact K can be large in applications.

SSDP’s generalize (two-stage) stochastic linear programs (SLP’s) (with recourse). Therefore, it
is possible to specialize the class of algorithms presented in this paper to SLP’s. The specialization
is a new class of algorithms for SLP’s. In a forthcoming paper we show that we can go further by
showing how appropriate modification of the techniques utilized on the present paper leads to a
class of new volumetric barrier decomposition algorithms for stochastic quadratic programs with
quadratic recourse.
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It would be interesting to assess the computational performance of the algorithms developed

in the present paper. A forthcoming paper will report details of an implementation and results of
computational experiments performed with it.
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