Math 420 Linear Algebra Fall 2000

Exam 2 Key

1. Consider
[+ Y1 = (x+y,x+ ) =, 0+ Yy + (v, ) +{y,y)
=IxI” + 2, y) +IMI" since {x,y) =y, x) for real spaces.
b Ix+yl" =IxI"+yI" O (x,y)=00 x~y.

2. By definition Jul, = In}az(lIUxIIZ. But U unitary P Jux|l, =[x, P ul, = Irl}ag(llxll2 =1.

3. If (i) holds, b T R(A). Since R(A)" =N(AT), {y,b) =0" yT N(A"). Thatis, (y,b) =0" y
suchthat y'A = 0. Thus, if (i) istrue, (ii) must befalse. If (ii) holds, thenb T N(A)" = R(A)

P thereisno x such that Ax = b. Thus, if (ii) istrue, (i) must be false.

4. () F(U) =U,, F(U,) =U;, F(Uy) =U,, and F(U,) =U, b
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(b) Need to compute [F(A)]; = [Flz [Als. ButA=aU,+bU,+cU,+dU,P [A]lz=
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P F(A)=aU,+cU,+bU,+dU,

= O

(abcd) P [FA)=

4. (€) [Vdg=U;+U, [Vig=U,+ Uy [Vilg=U,; + U+ U, and [V ]g = U, + U, + U, P
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5. (a) X+ Yisspanned by B=B, E B, ={q,, 0, .. SinceQ isorthogonal, B is orthonormal

which implies B islinearly independent. Thus, Bisabasisfor X+ Y. SinceQ is

nonsingular, B must also be abasisfor A®. Thus, A*=X+Y. Toshow X C Y={0}, let
vi XC Y. Thenv =aq, + bg, for someaandbsincevi Xandv = cq,for somec
sincevi Y. Thisimplies W’ ={v,v} ={aq, +ba,,cq,} = ac{q,,q,) + bc{q,,q,) =0

sincethe g/’ sareorthogonal. Thus,v=0P XCY={0} b A®=XAY.

(b) Use the Fourier expansion of v: v = ({v,q,q, +{v,q,)d,) +{v.d,)d, = (3, - a,)+(-a;)

X (% I X 1h'%
/20 21128
Thusv=x +ywherex =3q,- g,=¢ -1 =T Xandy=-q,=¢ 0.
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