
Math 420 Linear Algebra Fall 2000

Key to Problem Set #3

1. (a) For any linear transformation T and basis C = {v1, v2,…,vn}, the ith column of the
coordinate matrix [T]C consists of the coordinates of T(vi) with respect to the
basis C, where vi is the ith basis vector.  For the identity transformation,  I(vi) = vi

=   0 ⋅ v1 +L+ 0 ⋅ vi − 1 +1 ⋅ vi + 0 ⋅ vi +1 + L0 ⋅ vn .  Thus, the ith column of [I]C = ei

for i = 1, …, n which implies that [I]C = In.  This argument holds when C = B and
when C = B'.

(b) The jth column of [I]BB' contains the coefficients of ej when expanded with respect
to the basis B', that is, the coefficients xij in the expansion ej = 

  x1ju1 + x2 ju2 +L+ xnj un .  If   A = u1 | u2 | L | un[ ] and xj = [xij], then the

coefficients satisfy Axj = ej ⇒ x j = A−1e j  (An ×n  must be nonsingular since B' is a

basis for ℜn ) ⇒ xj is the jth column of A–1.  Thus, [I]BB' = A–1.

(c)   I[ ] ′ B B = I[ ]B ′ B { }−1
= A−1{ }− 1

= A = u1 | u2 | L | un[ ] .

2. (a) T[ ]B =
3 0
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(b) x[ ]B =
3
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  ⇒ T x( )[ ]B

=
3 0
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 .  Thus, T x( ) = 9e2 t − 11e−2t .

(c) I[ ]B ′ B =
1 −1

1 1

 
 
 

 
 
 

(d) T[ ] ′ B =
1 −1

1 1
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−1

=
7 −4

−4 7

 
 
 

 
 
 

3. Let Q = B.  Since, by assumption, B is nonsingular, we have Q–1(BA)Q = B–1(BA)B=
B–1BAB = IAB = AB.  So there exists a nonsingular matrix Q such that AB =
Q–1(BA)Q and thus AB is similar to BA.

4. By the CBS inequality, aTb ≤ a ⋅ b .  But aTb = 2 xy ,

a = x( )2
+ y( )2

= x + y , and b = y( )2
+ x( )2

= x + y .  So the CBS

inequality is (taking positive square roots) 2 xy ≤ x + y ⋅ x + y  or

xy ≤ 1
2 x + y( ) .  That is, the geometric mean of two numbers is never larger than

their arithmetic mean.


