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A MODEL FOR GRANULAR STATICS WITH
IMPENETRABILITY CONSTRAINTS

K. A. ARIY AWANSA, LEONID BERL YAND, AND ALEXANDER PANCHENK O

Abstra ct. We study the e®ects of geometric imp enetrabilit y constrain ts in
statics of frictionless granular packings. The packing is deformed by imp osing
boundary conditions, modeling those in shear and compression experiments.
In our two-dimensional model, the packing is represented by a spring-lattice
network, whereby the particle centers correspond to vertices of the network,
and interparticle contacts correspond to the edges. For the springs, we use a
quadratic elastic interaction potential. Combined with the linearized imp ene-
trabilit y constrain ts, it provides a regularization of the hard-sphere potential
for small displacements. When the network deforms, each spring either pre-
serves its length (this corresponds to a solid-lik e contact), or expands (this
represents a broken contact). Solid-lik e contacts are either sheared or stuck.
A contact between two particles is sheared when the local motion of one parti-
cle relativ e to another is an in¯nitesimal shear. If a pair of particles in contact
moves as a single rigid body, the contact is stuck.

Our goal is to study distribution of solid-lik e contacts in the minimizing
con¯guration. We prove that under certain geometric conditions on the net-
work, there are at least two non-stretc hed springs attac hed to each node, which
means that every particle has at least two solid-lik e contacts. We also give a
geometric criterion restricting the choice of these contacts.

Key words : granular materials, constrained optimization, geometric rigidit y, dis-
crete variational inequalities.

1. Intr oduction

Materials that are composedof collections of separate,macroscopicsolid grains
belong to the general classi¯cation of granular materials. Examples of such ma-
terials are common, including sand, gravel, medicinal pills, coins, and breakfast
cereal. Granular media are important to numerous industries ranging from min-
ing to pharmaceuticals. In geophysics, granular materials are a central problem in
understanding the physics of earthquakes and tectonic faulting. Earthquake fault
zonesproducegranular wear material continuously asa function of shearand grind-
ing betweenthe fault surfaces.The wear material, known as fault gouge,varies in
thicknessfrom 10's of cm to 1000 m and plays a critical role in determining the
fault zonefrictional strength, the stabilit y of fault slip, and the sizeof the rupture
nucleation dimension.

Granular media display a variety of complex static and dynamic properties that
distinguish them from conventional solids and liquids. The complexity of granular
media lies primarily in the collective properties of a macroscopicnumber of grains
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and how they interact with each other. The conditions under which a granular
medium is stable or °ows and the nature of this °ow depend critically on the
distributions of grain sizeand shape as well as the interactions betweenthe grains.
The practical importance of granular media combined with the richnessof their
physical properties has led to a great deal of interest from both theoretical and
experimental points of view [4, 10, 11].

An important classof granular materials consistsof nearly rigid particles that
possessthe following property: if a moderate force is applied, the particles start
to move, and only after a substantial increaseof the force the particles deform
signi¯cantly . In other words, for loads which are not very high, the deformations
inside a particle are small compared with the displacement of the particle center
of mass. Consequently , the particle shapeschangevery little, so that each particle
can be associated with a region of spacethat is inaccessibleto any other particle.
This givesrise to constraints on the admissiblepositions of particles. Theseimpen-
etrability constraints are also known as geometric, kinematic, and excludedvolume
constraints.

A physical phenomenonrelated to appearance of constraints is jamming. A
particle is jammed when its motion is completely obstructed by the neighbors, so
the the whole cluster of neighboring particles can only move together as a rigid
body. The corresponding mathematical notion of rigidit y ([22]) can be applied
to various physical objects, such as spherepackings, and frameworks (trusses), as
well as mathematical objects. In particular, an important mathematical object
associated with any particle packing is the contact graph. Verticesof this graph are
particle centers, while edgesrepresent interparticle contacts.

The simplest physical model that exhibits jamming is a classical hard sphere
packing. The particles in this model are represented by rigid spheres,and the only
interparticle forces are reactions of constraints. Rigidit y of hard spherepackings
is studied in [2]. This problem can be formulated as a problem of detecting rigid-
it y of the cable framework associated with the contact graph of the packing. The
framework is obtained by replacing edgesof the contact graph with the cables,and
vertices with °exible hinges. The lengths of the cablesare not allowed to decrease,
which modelsthe impenetrabilit y constraints. Recently , a linear programming algo-
rithm for detecting rigidit y in hard spherepackings (equivalently , cableframeworks)
was proposedin [5]. A cable framework is a special caseof the so-calledtensegrity
frameworks studied in [3].

Another special caseimportant in the present work is a bar framework. A bar
framework is obtained from a graph by replacing the edgeswith rigid bars, and ver-
tices with hinges. A bar framework and the associated graph are called rigid if the
only possiblevertex motions correspond to rigid motions of the whole framework.
We note that both bar and cable frameworks can be associated to the samegraph.
To generatethe bar framework, the edgesare replacedwith rigid bars that can only
translate and rotate. In the caseof the cable framework, one replacesedgeswith
cablesthat can either move as rigid bodies or stretch. Thus every motion of a bar
framework is also permitted by the cable framework, but the converseis not true
in general. Therefore, it is possiblethat a bar framework associated to a graph is
rigid, while the cable framework corresponding to the samegraph is °exible.

It appears that the only currently available mathematical results [2, 3, 5] on
discreteparticle systemswith geometricconstraints concernhard particle packings.
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To the best of authors' knowledge, there are no results on frictional packings, and
evenelastic frictionless packings havenot beenyet studied. The present work di®ers
from [2, 3, 5] in several respects. First, all these studies deal with rigid particles.
We considera more realistic situation of particles with elastic interactions, de¯ned
by a quadratic potential energy. Second,we addressa di®erent question. We are
interested in genericcontact patterns of the the energy minimizing con¯gurations,
while [2, 3, 5] focus on jamming. The packings that we study are not jammed.
Their contact graphs are such that the associated bar framework is rigid, while the
associated cable framework is °exible. The third di®erenceis in the type of the
boundary conditions. The conditions in [5] are periodic or hard wall conditions.
The periodic conditions are commonly usedto minimize in°uence of the boundaries
in the problem. However, presenceof walls is a major factor that determines
bulk behavior of granular materials, and therefore it seemsbetter to useboundary
conditions that occur in engineeringand physical experiments, where the walls are
rigid and typically moving. Sinceour approach usesrealistic boundary conditions,
it is well suited for studying ¯nite sizesystemsthat occur in experiments.

One of frequently observed properties of granular materials is concentration of
the bulk deformation in thin layerscalled shearbands. For quasi-static °ows driven
by small shear rates, the corresponding patterns are called micro-bands ([14]) or
network of weak contacts ([19]). The goal of this paper is to describe somegeneric
geometric featuresof such patterns in densepackings of nearly rigid particles. Pat-
tern formation may becausedby the local jamming (which mathematically amounts
to impenetrabilit y constraints), and friction. Sincedealing with friction is di±cult,
and no results on frictionless elastic packings are currently available, we considera
model in which friction is neglected,but impenetrabilit y constraints are retained, at
least as a meansof determining the relative importance of friction and constraints
in formation of micro-bands.

In this paper, we considera densepacking of elastic deformable particles with-
out friction. In two dimensions, particles are represented by disks D i of radii ai

with centers x i , i = 1; 2; : : : ; N . The initial referencecon¯guration is deformed
by applying prescribed small displacements to the boundary particles. Assuming
that the deformations inside of the individual particles are small, and neglecting
rotational degreesof freedom, one can characterize the deformations of D i by the
displacements u i of their centers. The elastic interaction forcesare modeled as in
classical mechanics of point particles: the force exerted by D j on D i is applied
at x i , its direction is along the line joining x i and x j , and its magnitude depends
linearly on u j ¡ u i .

We further assumethat the granular material is pre-stressed(or, equivalently ,
the material is under con¯ning stress). This means that in the referencestate,
the particles are squashedinto each other as a result of applied external pressure.
Further compressionis supposedto be impossible(requires in¯nite energy), which
intro ducesimpenetrabilit y constraints into the problem. To model impenetrabilit y,
one can, for instance, require that

(1.1) j(x i + u i ) ¡ (x j + u j )j ¸ ai + aj ;

for each pair of particles. Sincethe the packing is dense,and the displacements are
expected to be small, it makessenseto require that a particle cannot escape a cage
formed by its neighbors. Therefore, the contacts that exist in the referencecon¯gu-
ration may be broken, but no new contacts are createdduring the deformation. An
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important consequenceof this assumption is as follows. If the deformation satis¯es
the constraints for each pair of particles in contact, then it automatically satis¯es
all constraints. In the sequel,we use this assumption in the courseof proving the
main result of this paper (Theorem 5.1).

Next, we intro duce a network model which describesa granular material under
the above assumptions. The verticesof the network are the particle centers, and the
edgesrepresent particle contacts. The collection of vertices x i , i = 1; 2; : : : ; N , and
edgesforms the contact network (graph) ¡. We supposethat ¡ is a triangulation of
a connected,convex polygonal domain ­. Another natural triangulation generated
by x i ; i = 1; 2; : : : ; N is the Delaunay graph G. In principle, ¡ and G may be
di®erent. In general, ¡ is a subgraph of G, and the di®erencebetween the two
graphs is larger for relatively loosepackings. In the present case,we supposethat
¡ and G coincide, which corresponds to "maximally dense" packings.

For small displacements u i , the quadratic constraints (1.1) can be approximated
by their linearizations near u i = u j = 0, which leads to the linearized impenetra-
bilit y constraints

(1.2) (u j ¡ u i ) ¢q ij ¸ 0; i = 1; 2; : : : ; N

for each pair of vertices i; j connected by an edge of ¡. In (1.2), q ij = (x j ¡
x i )=

¯
¯x j ¡ x i

¯
¯ are unit vectors that point from x i to x j along the line of centers.

Note that if the position of D i is ¯xed (u i = 0), then u j satisfying (1.2) must lie
in the half-plane u ¢q ij ¸ 0, so that D j would be moving away from D i .

All the contacts must satisfy (1.2), but we further distinguish two typesof con-
tacts: broken and solid-like (seeFig. 1). We call a contact broken if

(1.3) (u j ¡ u i ) ¢q ij > 0;

and solid-like if

(1.4) (u j ¡ u i ) ¢q ij = 0:

The solid-like contacts correspond to two possible types of pair motions. The
¯rst type is a rigid motion of a pair, in which casethe contact is called a stuck
contact.

u j ¡ u i

q ij q ij

u j ¡ u i

a) b)

Figure 1. a) A broken contact. On the left{reference con¯gura-
tion, on the right{displaced con¯guration in the local coordinates
of the bottom particle; b) A solid-like contact. The ¯gure corre-
sponds to an in¯nitesimal rolling of the top particle.

The secondtype is a local shearmotion. In the local coordinates of oneparticle,
it is either the motion of the secondparticle in the direction perpendicular to the
line of centers, or an in¯nitesimal rotation (rolling). The corresponding contacts are
calledsheared. In our idealizedmodel, friction in neglected,and any tangential force
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would lead to immediate separation of particles, becausefor disk-shaped particles,
the contact surface is a point. We, however, still call these contacts solid-like,
becausein reality, thesecontacts are subject to friction forces,the contact surface
has a positive area, and the particles in a shearedcontact will not separateuntil
the tangential force reachesthe static friction threshold. In the caseof rolling, the
particles stay in contact and the pair is capableof bearing a compressive load.

Physically, vertices of the network can be realized as unit point massesand
edgesas elastic springs. Elastic force of the spring (i; j ) is determined by the pair
potential H (t ij ), where t ij = (u j ¡ u i ) ¢q ij . The potential is a key ingredient of
our model, and therefore we discussit in detail. To motivate the choice of H , we
¯rst recall the classicalhard spherepotential H hs , which in our notation is de¯ned
by

(1.5) Hhs (t ij ) =
½

1 if t ij < 0;
0 if t ij ¸ 0:

Hhs models the following two options: (i) moving non-deformable (hard spheres)
particles toward each other requires in¯nite energy (a vertical line at t ij = 0), (ii)
moving particles apart requiresno energy. Note that (1.5) already incorporates the
constraints (1.2) by imposing an \in¯n te penalty" if the constraints are violated.

t ij

Hhs H

t ijd

a) b)

Figure 2. a) Hard spherepotential H hs ; b) The elastic potential
H (t ij ) combinesa vertical wall at t ij = 0 and a quadratic function
with the vertex at d.

Elastic interaction between D i and D j , together with constraints (1.2) can be
modeled by the following potential

(1.6) H (t ij ; d) =
½

1 if t ij < 0;
1
2 d¡ 3(t ij ¡ d)2 if t ij ¸ 0:

The potential (1.6) is shown on Fig. 2, together with the hard-spherepotential. The
formula (1.6) describestwo options: (i) moving particles toward each other requires
in¯nite energy; (ii) movement of particles apart from each other is causedby ¯nite,
linear elastic force, corresponding to a quadratic potential; This force is repulsive
for small distances(t ij < d). The magnitude of the force f (t ij ; d) =

¯
¯
¯ @H (t ij ;d)

@t ij

¯
¯
¯ =

1
2 d¡ 3jt ij ¡ dj. The magnitude of the ambient force of pre-stress (or simply the
con¯ning pressure) is given by lim t ij ! 0+ f (t ij ; d) = 1

2 d¡ 2, which tends to zero as
d ! 1 . Therfore, the e®ectof pre-stressis smaller for larger d. Further, H (t ij ; d)
regularizesHhs in the following sense: if d ¸ d0 > 0, then limd!1 H (t ij ; d) = 0
uniformly on (0; d0]. In the paper, we do not passto this limit. Instead we choose
d su±ciently large and ¯x it. In reality, once the distance between D i and D j is
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greater than the sum of their radii ai + aj , the pair interaction force is zero. In
our model, we still have a small repulsive force for all ai + aj · t ij · d. So, the
particles in our model would continue acceleratingaway from each other even after
separating. This encouragesseparation of particles, and could lead to increasein
the number of broken contacts. Since our goal is estimating the number of solid-
like contacts from below, this \extra repulsive force" seemsacceptable. We also
mention that elastic contact force predicted by the classicalHertz theory is a non-
linear function of t ij . Our model is chosenfor simplicit y, and can be viewed as an
approximation of Hertz theory, valid for su±ciently small displacements.

Next, there is no reasonto choosethe regularization parameter d the samefor
all pairs of particles in contact. Therefore, we de¯ne the pair interaction energy

(1.7) h(t ij ; dij ) =
1
2

d¡ 3(t ij ¡ dij )2;

and intro duce the following generalization of the formula (1.6):

(1.8) H (t ij ; dij ) =
½

1 if t ij < 0;
h(t ij ; dij ) if t ij ¸ 0;

where

(1.9) dij = d±ij ; ±ij 2 [1=2; 1]:

This choice of dij ensuresthat the vertices of all pair quadratic potentials are
positive and located in the interval [1=2d;d]. Finally, the total elastic interaction
energy Q of the network is obtained by summing up h(t ij ; dij ) over all pairs (i; j )
corresponding to the edgesof the network.

The main problem addressedin the paper is minimization problem for Q sub-
ject to the constraints (1.2) and the appropriate boundary conditions. Since the
functional Q is quadratic, and the constraints and boundary conditions are linear,
this problem is a classicalquadratic programming, extensively studied in optimiza-
tion theory [9]. In the languageof optimization theory, the solid-like contacts (1.4)
correspond to the so-calledactive constraints, while the constraints corresponding
to the broken contacts (1.3) are called inactive. The question studied in this pa-
per concernsthe number and spatial distribution of each type of constraints in the
energy-minimizing con¯guration of the network. It appearsthat no generalresults
of this type are currently available in optimization theory. The present study makes
use of the geometric features of the contact graph, in particular its rigidit y prop-
erties, to investigate the energy minimizer. We also note the connection between
our constrainedvariational problem and continuum variational inequalities [6], [12],
[13], [16]. Our problem can be viewed as a discrete variational inequality.

The main result of the paper is Theorem 5.1 wherewe prove that the constrained
energyminimizer corresponds to a packing with at least two solid-like contacts per
each particle. The network of solid-like contacts is the load-bearing structure, while
broken contacts can be associated with the so-called micro-bands [14], [15] that
appear during small shear deformations. The result implies that no particle can
lose contact with all of its neighbors, which eliminates \micro-avalanches". Put
another way, loss of structural integrit y in densepackings is evolutionary rather
than catastrophic, so that shearing with a small displacement will ¯rst lead to
dilatation, during which the packing becomesmore loose everywhere, and only
then local avalanchesmay occur.
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Another useful consequenceof theorem 5.1 is as follows. It provides a lower
bound on the order parameter, recently intro duced in [1, 21] as one of the main
ingredients of the new phenomenologicaltheory of densegranular °ows. In [1, 21],
the order parameter characterizesthe phasetransition of a granular material from
solid-like to °uidized state. The informal de¯nition of the order parameter in [21]
is as follows. The order parameter at a point is the ratio of the number of solid-like
contacts to the number of all contacts. A contact is consideredsolid-like [21] if two
particles are jammed together for longer than a characteristic collision time. Both
numbersare averagedover a certain control volume containing the point. Basedon
our analysis of di®erent typesof contacts, we suggesta slightly di®erent de¯nition
of the order parameter: it is a ratio of the number of all solid-like contacts (both
stuck and sheared) to the number of all contacts. This de¯nition is natural from
the mathematical point of view, since in optimization theory solid-like contacts
correspond to the so-calledactive constraints. It is also natural from the point of
view of physics,sinceshearedcontacts in the actual granular packing will besubject
to friction, and thuspartially stable. Recent resultsof numerical simulations in [7, 8]
suggestthat friction enhancesbulk elastic properties of granular media.

The paper is organizedas follows. In Sect. 2 we formulate the main constrained
minimization problem. Elimination of the equality constraints corresponding to the
boundary conditions leadsto a reducedminimization problem. In Sect. 3 we recall
somefacts concerning¯rst-order rigidit y of graphs. In Sect. 4 we show existenceof
a unique minimizer of the reducedproblem. Optimalit y conditions for the reduced
problem are stated and analyzed in Sect. 5. Here we state and prove the main
theorem 5.1. In Sect. 6 we intro duce a de¯nition of the order parameter in the
spirit of [21] and give a lower bound on the order parameter that follows from the
main theorem. Finally, conclusionsare provided in Sect. 7.

2. Formula tion of the pr oblem

2.1. Elastic in teractions with imp enetrabilit y constrain ts. In 2D, consider
a packing of spheresD i of radii ai with centers x i ; i = 1; 2; : : : ; N . (All vectors in
this paper are column vectorsand we usesuperscript `T' to indicate transposition).
The packing ¯lls a bounded region. After an in¯nitesimal motion, the position of
the center of D i is y i . We write y i = x i + u i where u i are displacements. The
verticesx i ; x j are connectedby an edgeif and only if D i ; D j are in contact. In this
case,we call x i and x j neighbors. We denote by N i the set of j 2 f 1; 2; : : : ; N g
such that x j is a neighbor of x i . Orientation of contacts (equivalently , edges)is
prescribed by the unit vectors

(2.1) q ij =
x j ¡ x i

jx j ¡ x i j
:

The verticesx i and edges(i; j ) de¯ne the contact graph ¡. Let E denotethe number
of edgesof ¡. The edgeset E of ¡ is given by f (i; j ) : j 2 N i ; i = 1; 2; : : : ; N g. To
each edge(i; j ) we can associate a pair potential energyh(t ij ; dij ) de¯ned in (1.7).
Summing up all theseenergieswe obtain the total elastic interaction energyof the
network. It is a quadratic form
(2.2)

Q(u1; u2; : : : uN ) =
NX

i =1

X

j 2N i

h(t ij ; dij ) =
1
2

d¡ 3
NX

i =1

X

j 2N i

¡
(u j ¡ u i ) ¢q ij + dij

¢2
;
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on the displacements u i ; i = 1; 2; : : : ; N . In (2.2), d;dij are parametersspeci¯ed by
(1.8), (1.9).

Our objective is to determine the displacements u i , i = 1; 2; : : : ; N so that the
the energy functional Q is minimized subject to two types of constraints. The
¯rst type of constraints consists of linearized impenetrability constraints. These
are obtained by formally linearizing the condition that the distance between two
spheresin contact cannot decrease.Consider two spheresD i ; D j in contact. In the
referencecon¯guration,

(2.3) jx i ¡ x j j = ai + aj :

Assuming that D i ; D j cannot overlap, we have

(2.4) jy i ¡ y j j ¸ ai + aj :

Theseare the impenetrabilit y constraints. We linearize (2.4) by writing

jy i ¡ y j j2 = jx i ¡ x j + u i ¡ u j j2

= jx i ¡ x j j2 + 2(x i ¡ x j ) ¢(u i ¡ u j ) + ju i ¡ u j j2

= (ai + aj )2 + 2(x i ¡ x j ) ¢(u i ¡ u j ) + ju i ¡ u j j2:

Now for for \small" ju i ¡ u j j we can neglect quadratic term ju i ¡ u j j2, and (2.4)
yields 2(x i ¡ x j ) ¢(u i ¡ u j ) ¸ 0, which in turn is equivalent to (u j ¡ u i ) ¢q ij ¸ 0
whereq ij is asde¯ned in (2.1). Therefore, the ¯rst set of constraints we imposeon
the displacements u1; u2; : : : ; uN is

(2.5) (u j ¡ u i ) ¢q ij ¸ 0; j 2 N i ; i = 1; 2; : : : ; N :

The secondtype of constraints corresponds to the boundary conditions. Particles
located at the packing boundary have prescribed displacements. In the sequelwe
refer to these particles as boundary particles. The corresponding vertices of ¡ are
called boundary vertices. Other particles are referred to as interior , or sometimes,
free, and the corresponding vertices of ¡ as interior vertices.

All boundary particles are divided into several groups, numbered 1; 2; : : : ; M .
Let I m denote the set of indices of the particles in group m for m = 1; 2; : : : ; M .
Each sphere in a certain group is in contact with at least one other sphere from
the same group. Each group moves as a single rigid body. We assumethat the
prescribed boundary displacements are of the form

(2.6) u i = R m (x i ); i 2 I m ; m = 1; 2; : : : ; M ;

where

(2.7) R m (x i ) = cm + ®m K (x i ¡ x?;m ); i 2 I m ; m = 1; 2; : : : ; M ;

and cm ; x?;m are given vectors, ®m is a given scalar, and K is the matrix denoting
clockwise rotation by ¼=2. The functions R m are called in¯nitesimal rigid displace-
ments, parametrized by a scalar®m , and vectorscm and x?;m . We refer the reader
to Sect. 3 for more details on rigid displacements.
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Our description above leadsto the

Main problem:

minimize Q(u1; u2; : : : ; uN )(2.8)

subject to linearized impenetrabilit y constraints (2.5)(2.9)

and boundary conditions (2.6).(2.10)

2.2. Feasible region. Let us de¯ne the con¯guration spaceU. Points of this space
are denoted by U = ((u1)T ; (u2)T ; : : : ; (uN )T )T .
Remark . To avoid this heavy notation, we simply write

U = (u1; u2; : : : ; uN );

when no confusioncan occur.
Dimension of U is 2N . Feasible region F is the subsetof U in which all the con-

straints (2.5) and (2.6) are satis¯ed. The points satisfying (2.5) form a polyhedral
(not necessarilybounded) region. The boundary of this region consistsof parts of
the hyperplanes(subspacesof dimension 2N ¡ 1) de¯ned by

(2.11) (u j ¡ u i ) ¢q ij = 0; j 2 N i ; i = 1; 2; : : : ; N :

Becauseof the connectionswith rigidit y, we refer to (2.11) as R-equations. Equa-
tions (2.6) de¯ne M planes Sm ; m = 1; : : : ; M . Dimensions of Sm depend on the
number of constrained spheresin the m-th group.

For each point of U 2 F , someof the constraints (2.5) are satis¯ed asequations.
Theseconstraints are called active. The corresponding edgesof the contact graph ¡
are called active as well. The rest of (2.5) are satis¯ed as strict inequalities. These
are inactive constraints (respectively, edges).

2.3. Elimination of constrain ts corresp onding to boundary conditions.
The quadratic form Q in (2.2) can be written in a convenient form in terms of a
certain matrix Rr . To de¯ne Rr , we index the edgesof ¡ by l , l = 1; 2; : : : ; E . Let
(i l ; j l ) 2 E be the edgeof ¡ corresponding to l for l = 1; 2; : : : ; E . Let Rr be the
E £ 2N matrix whosel-th row is de¯ned by

(2.12) Rr
l m =

8
>>>><

>>>>:

+( q i l j l )1 if m = 2(j l ¡ 1) + 1
+( q i l j l )2 if m = 2(j l ¡ 1) + 2
¡ (q i l j l )1 if m = 2(i l ¡ 1) + 1
¡ (q i l j l )2 if m = 2(i l ¡ 1) + 2
0 otherwise

for l = 1; 2; : : : ; E .
Remarks. 1. Rr is the (¯rst-order) rigidit y matrix, a well known object in geo-
metric rigidit y theory (seee.g. [3, 22]).
2. Consider vertices x i l ; x j l and the edge l connecting them. The corresponding
row r l of Rr has 2N entries. We can view r l as a string of N pairs of numbers, the
¯rst pair corresponding to x 1, the secondto x2 and so on. For simplicit y, we shall
call a pair of entries corresponding to a particular vertex x i a place corresponding
to x i .

Then we can interpret equation (2.12) as follows. A row r l has zeros at all
places,except two. The non-zeroentries are ¡ q i l ;j l , written as a two-dimensional
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row vector at the placecorresponding to x i l ; and q i l ;j l , written asa two-dimensional
row at the place corresponding to x j l .
3. A row of Rr corresponds to an edge of ¡. Therefore it is natural to call a
row active (respectively, inactive) if a corresponding edge is active (respectively,
inactive).

Now de¯ne the vector d 2 RE by

(2.13) d = ¡ (di 1 j 1 ; di 2 j 2 ; : : : ; di E j E );

wheredi l ;j l are chosenaccording to (1.9). With thesenotations the quadratic form
Q in (2.2) can be written as

(2.14) Q(U ) =
1
2

(Rr U + d) ¢(Rr U + d):

Wenow eliminate the boundary conditions (2.6) from the main problem (2.8, 2.9,
2.10). Let Nb =

P M
m =1 card(I m ). Then the equations (2.6) simply state that the

2Nb components of U corresponding to the Nb boundary vertices have prescribed
displacements. Without lossof generality assumethat the last 2Nb components of
U correspond to the boundary vertices. Let us partition U as

(2.15) U = [ z j w ];

where z = (u1; u2; : : : ; uN ¡ N b ) corresponds to displacement vectors of interior ver-
tices, and w = (uN ¡ N b +1 ; uN ¡ N b +2 ; : : : ; uN ) corresponds to the displacements of
the boundary vertices. The equality constraint (2.6) is now simply

(2.16) w = g

where g 2 R2N b is the vector of displacements prescribed by the right-hand-sides
of (2.6). The matrix Rr can be partitioned similarly to (2.15):

(2.17) Rr = [ R j Rb ];

wheredimensionsof R and Rb are E £ 2(N ¡ Nb) and E £ 2Nb, respectively. Denote

(2.18) a = Rbg:

Using (2.15){(2.18) in (2.14) and in (2.5) we can reducethe main problem (2.8, 2.9,
2.10) to

Reduced problem:

minimize F (z) =
1
2

(Rz + a + d) ¢(Rz + a + d)(2.19)

subject to Rz + a ¸ 0:(2.20)

The minimization in (2.19) is taken over all z 2 R(N ¡ N b ) .

3. First-order rigidity

A rigid motion is a composition of a translation and rotation:

(3.1) y (x) = c + x? + O(x ¡ x?);

whereO is an orthogonal (rotation) matrix, c is a translation vector, x ? is a center
of rotation. If O is closeto identit y I , then

O ¼ I + A;
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where A is a skew matrix (aij = ¡ aj i ).
Supposethat in a two-dimensionalrigid motion, the rotation angle ® is closeto

zero. Then

O =
µ

cos® ¡ sin®
sin® cos®

¶
¼

µ
1 0
0 1

¶
+ ®

µ
0 ¡ 1
1 0

¶
= I + ®K ;

where

K =
µ

0 ¡ 1
1 0

¶

is a clockwise rotation by ¼=2. In that case,(3.1) becomes

(3.2) y (x) = c + x + ®K (x ¡ x?) =
µ

c1 + x?
1 ¡ ®(x ¡ x?)2

c2 + x?
2 + ®(x ¡ x?)1

¶
:

Let u = y(x) ¡ x denote the displacement. We can write (3.2) as

(3.3) u(x) = c + ®K (x ¡ x?):

De¯nition 3.1. We call (3.3) an in¯nitesimal rigid displacements in 2D.

Next, considera graph. Supposethat a motion of vertices preservesthe lengths
of the edges.If this implies that the motion is a rigid displacement, then the graph is
called rigid . A graph ¡ is ¯rst-or der rigid [22] if all solutions of the R-system(2.11)
are in¯nitesimally rigid displacements. In addition, ¡ is independent if the rows of
the rigidit y matrix Rr are linearly independent. Graphs that are both ¯rst-order
rigid and independent are called isostatic ([22]). Intuitiv ely, an isostatic graph is
minimally rigid, that is removing any edgeresults in lossof rigidit y. Another notion
of rigidit y is generic rigidity , see[22]. According to thm. 49.1.7 from [22], generic
rigidit y for a neighborhood in a con¯guration spaceis equivalent to the ¯rst-order
rigidit y for somespeci¯c con¯guration in that neighborhood.

With the de¯nition of Rr and U in Sect. 2.3 the system (2.11) can be written
as

(3.4) Rr U = 0:

Note the connectionbetweenR-systemand constraints, aswell as the functional
of the main problem (2.8,2.9,2.10).

The following de¯nition (see [22] for a d-dimensional de¯nition) is useful for
verifying rigidit y of graphs.

De¯nition 3.2. For a graph ¡, the Henneberg 2-construction in 2D is a sequence
of graphs G1; G2; : : : ; Gn such that:
(i) Gk+1 is obtained from Gk by either vertex addition (attaching a new vertex by
2 edges);or edgesplitting (replacing and edgefrom Gk with a new vertex joined
to its endsand to 1 other vertex);
(ii) Gk is a complete graph on k vertices, and Gn = ¡.

The following result is stated in ([22], thm. 49.1.13):

Theorem 3.3. If a graph is obtained by a Henneberg d-construction, then G is
generically isostatic.

In the present case,the rows of rigidit y matrix Rr are not linearly independent,
but the row rank is maximal. This meansthat we typically have more edgesthan
neededto ensure rigidit y. In this situation, the following theorem (thm. 49.1.14
from [22]) is useful.
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Theorem 3.4. If two graphsG1 and G2 are generically rigid planar graphssharing
at least 2 vertices, then the graph G obtained by combining all vertices and edgesof
G1; G2 is generically rigid.

4. Existence and uniqueness of minimizers of the reduced pr oblem

Let ­ be a bounded connecteddomain in R2 with a polygonal boundary. First
we show that, under certain assumptionson geometry of ¡, the matrix R has full
column rank. We shall say that ¡ is a triangulation if edgesof ¡ partition ­ into
a disjoint union of triangles.

We also require the following.

De¯nition 4.1. Consideran interior vertex x i connectedby an edgeto a boundary
vertex x j . We call ¡ a regular triangulation if for each such pair x i ; x j there are
boundary vertices x k ; x l , connectedto both x i and x j .

The de¯nition 4.1 states that every edge(i; j ) connecting a boundary vertex j
with an interior vertex i must be a part of the boundary of two adjacent triangles.
These triangles have the property that two of their vertices are boundary vertices
k; l , and the third vertex is i . Physically, this meansthat the geometry of contacts
conforms to the geometry of the boundary, and there are no holes (non-triangular
cells) near the boundary.

Prop osition 4.2. Suppose that ¡ is a regular triangulation. Then rank R =
2(N ¡ Nb).

Proof. Consider a subgraph ¡ max ½ ¡ constructed inductiv ely as follows. Begin
with ¡ 1 that consistsof all boundary vertices. On the next step, add all interior
vertices connectedto ¡ 1 by two or more non-collinear edges. Also, for each such
vertex, add exactly two non-collinear edgesthat connect this vertex to ¡ 1. Call the
resulting graph ¡ 2. Generally, given ¡ k , k ¸ 2, de¯ne ¡ k+1 = ¡ k [ Sk , where Sk

consistsof all vertices not contained in ¡ k , connectedto ¡ k by at least two non-
collinear edges,together with pairs of non-collinear edgesconnecting thesevertices
to ¡ k . Since the graph ¡ has a ¯nite number of vertices, the processterminates
after a ¯nite number of steps. The resulting graph is ¡ max .

We claim that ¡ max contains all verticesof ¡. To show this, considera graph ¡ c

which is obtained by adding to ¡ max all edgesof ¡ that connect pairs of boundary
vertices of ¡ max . Since¡ is a connectedtriangulation, repeated useof theorem 3.4
yields that ¡ is ¯rst-order rigid. The graph ¡ c is a maximal subgraphof ¡ obtained
by the Henneberg construction (seetheorem 3.3). Therefore, ¡ c is ¯rst-order rigid
and contains all the vertices of ¡. Since ¡ c and ¡ max have the samevertices,the
claim is proved.

Next, we claim that the number of edgesin ¡ max is 2(N ¡ Nb). Indeed, each free
vertex in ¡ 2 has exactly two non-collinear edgesincident at it. Then, on each of
the next steps,we add a free vertex together with two non-collinear edgesincident
at it. Sincethe number of free vertices in ¡ max is N ¡ Nb, the claim is proved.

Finally, we claim that the rows of R corresponding to the edgesof ¡ max are
linearly independent. Let the matrix of these rows be denoted by Rmax . This is
a square2(N ¡ Nb) matrix. We claim that an appropriate row-reduction reduces
Rmax to a matrix R0

max that has block-diagonal form: for each vertex x i there are
exactly two rows r i; 1; r i; 2 of R0

max , and two linearly independent unit vectors q ij 1
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and q ij 2 , such that r i; 1 (r i; 2) contains q ij 1 (q ij 2 ) at a place corresponding to x i

while all other entries in theserows are zero.
To seethis, consider ¯rst a \basic unit" of ¡ 2: an interior vertex x i and two

non-collinear edgesincident at it. Let the corresponding unit vectors be q i 1, q i 2.
Recall that these edgesconnect x i to two boundary vertices. Consequently , the
rows r 1; r 2 corresponding to the above pair of edgeshave zerosat all places,except
two placescorresponding to x i . The non-zeroentries of r 1 (r 2) are two components
of q i 1 (q i 2). Since q i 1, q i 2 are linearly independent, so are r 1; r 2. Furthermore,
linear combinations of r 1; r 2 can be used to eliminate non-zero entries in other
rows. By adding an appropriate linear combination of r 1; r 2 to a row with some
unit vector q ij at a place corresponding to x i , we can obtain zerosat this place.
Hence,by using r 1; r 2 as pivots in Gaussianelimination we can obtain rows whose
only non-zero entries are at a place corresponding to a vertex that was added to
¡ 2 on the next step of the iteration. These rows, in turn, can be used as pivots.
Continuing with row reduction, we can eventually reduceall rows of Rmax to this
form (this follows from connectednessof ¡ max , which is implied by connectedness
of ¡). The proposition is proved.
Remark . It is interesting to compareR and the rigidit y matrix R r . It is well known
that for a ¯rst-order rigid graph, the null spaceof Rr is non-trivial and consists
of in¯nitesimal rigid displacements. The proposition above shows that the null
spaceof R is trivial. The main di®erencein structure between these two matrices
is that R contains broken rows. Theserows correspond to edgesconnecting a free
vertex to a boundary one. Each broken row has only two non-zero entries which
occur at a place corresponding to a free vertex. If a free vertex is connectedto two
boundary vertices, then the regular triangulation property of ¡ ensuresthat the
corresponding broken rows are non-collinear.

Prop osition 4.3. Consider problem (2.19,2.20). Suppose that ¡ is a regular tri-
angulation, the feasibleset of (2.19,2.20) is non-empty, and that the unconstrained
minimizer of F (z) is not feasible. Then the problem (2.19,2.20) admits a unique
minimizer that is a point on the boundary of its feasible set.

Proof. The problem (2.19,2.20)hasa feasiblepoint ¹z. Then the problem (2.19,2.20)

has a unique minimizer z¤ as we now demonstrate. Let the set L (¹z) be de¯ned by

L (¹z) = f z 2 R2(N ¡ N b ) : F (z) · F (¹z)g:

By proposition 4.2 the matrix R has full column rank. Therefore, the set L (¹z) is
an ellipsoid, which is a closed,bounded, convex set. The set H of z 2 R2(N ¡ N b )

satisfying the constraint (2.20) is a closed half space. Therefore, L (¹z) \ H is a
nonempty, closed,bounded convex set. Indeed, the reducedproblem (2.19,2.20) is
equivalent to the problem

minimize F (z)(4.1)

subject to z 2 L (¹z) \ H :(4.2)

Now by the continuit y of F and the compactnessof L (¹z) \ H we see that the
problem (4.1,4.2) and hencethe reduced problem (2.19,2.20) has a minimizer z¤.
Since R has full column rank, RT R is positive de¯nite. The positive de¯niteness
of the matrix RT R implies that F is strictly convex on L (¹z) \ H , from which we
concludethat z¤ must be unique.
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Now if Rz? + a > 0, then z? must be the unconstrainedminimizer of F . This con-
tradicts the assumptionthat the unconstrainedminimizer is not feasible. Therefore,
somecomponents of Rz? + a must be zero, and thus z? must be on the boundary
of the feasibleregion.

5. Optimality conditions f or the reduced pr oblem

The reducedproblem (2.19,2.20)hasa convex objective function and linear con-
straints. For such problems it is possible to state optimalit y conditions that are
both necessaryand su±cient [17]. To be speci¯c de¯ne the Lagrangian L for the
problem (2.19,2.20)by

(5.1) L (z; ¸ ) =
1
2

(Rz + a + d) ¢(Rz + a + d) ¡ ¸ ¢(Rz + a):

Then z¤ solvesproblem (2.19,2.20)if and only if there exists ¸ ¤ such that z = z¤

and ¸ = ¸ ¤ satisfy the Karush, Kuhn, Tucker (KKT) conditions

r zL(z; ¸ ) = 0

Rz + a ¸ 0

¸ ¢(Rz + a) = 0

¸ ¸ 0

or equivalently

R
T

(Rz + a + d ¡ ¸ ) = 0(5.2)

Rz + a ¸ 0(5.3)

¸ ¢(Rz + a) = 0(5.4)

¸ ¸ 0:(5.5)

See[17, Chapter 12].
Before stating and proving the main result (Theorem 5.1), we list all the as-

sumptions, including both new and previously used.
A1. Consider the problem of minimizing (2.2) subject only to the boundary condi-
tions (2.6, 2.7), but not the constraints (1.2). We assumethat the minimizer of that
problem is not feasible,that is, this minimizer doesnot satisfy the impenetrabilit y
constraints (1.2).
A2. The network ¡ is a regular triangulation (as de¯ned in De¯nition 4.1).
A3. The boundary conditions are prescribed so that

(5.6) j(x i + u i ) ¡ (x i + u j )j · ai + aj + min
k=1 ;2;::: N

ak ;

for each pair x i , x j of boundary vertices in contact.
Let us provide somecomments on the nature of assumptionsA1{A3. Assump-

tion A1 meansthat minimizing the energy of the spring network subject only to
boundary conditions leads to a con¯guration in which at least one spring is com-
pressed(and thus violates the impenetrabilit y constraints).

Assumption A2 concernsthe contact geometry. The edgesof the network split
the domain of the problem (a polygon) into elementary cells (triangles). Near the
boundary, the cells must be compatible with the geometry of the boundary in the
following sense.If a free vertex is connectedto a boundary vertex (a corresponding
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particle is in contact with a boundary particle), then it is also in contact with an-
other boundary vertex, located next to the ¯rst boundary vertex. Hence,every cell
adjacent to the exterior boundary must contain one free vertex and two boundary
vertices.

Assumption A3 means that the boundary conditions (2.6, 2.7) are chosen to
prevent particles from escapingthrough the gapsmadeby displacing the boundary
particles. Clearly, if two boundary particles belong to the samegroup, then no gap
can appear betweenthem, and j(x i + u i ) ¡ (x i + u j )j = ai + aj . Formation of gaps
would be possiblebetweentwo boundary particles from di®erent groups which are
in contact in the referencecon¯guration. If the parametersof rigid body motions in
the boundary conditions (2.6, 2.7) are prescribed arbitrarily , then the two particles
may move away from each other, and open a gap large enoughfor a third particle
to slip through. Assumption A3 prohibits formation of such gaps.

Theorem 5.1. Suppose that assumptionsA1-A3 hold. Then there exist d? > 0
and a vector ± 2 RE : ±l 2 (¡ 1; ¡ 1=2); l = 1; 2; : : : ; E , such that for each d = d±
with d > d?, the unique minimizer of (2.19,2.20) has the following property. Each
interior vertex x i of ¡ hasat least two active edgesincident at it. The corresponding
unit vectors q i;j 1 ; q i;j 2 must be linearly independent.

Proof.
Step 1. We claim that A3 implies that there is c0 > 0, which depends on the
boundary conditions, but is independent of the choice of dij in (2.2), such that
each feasibledisplacement u i ; i = 1; 2; : : : ; N , satis¯es

(5.7) jui
k j · c0;

k = 1; 2. Indeed, ¯rst we observe that if u i ; u j satisfy the linearized constraint
(1.2), then they also satisfy the distance constraint (1.1) (the converseis not true
in general). Then any feasiblecollection of displacements alsosatis¯es the distance
constraints (1.1) for each pair of neighboring vertices. Now werecall the assumption
made in the intro duction to concludethat (1.1) must hold for all pairs of vertices.
Fix l 2 f 1; 2; : : : ; N g, corresponding to an interior vertex, and consider a smaller
packing P of particles, containing only D l and all boundary particles. In the ref-
erencecon¯guration, D l is completely surrounded by boundary particles. Then
the boundary conditions are prescribed according to A3, the boundary particles
still completely con¯ne D l , so that x l must displace to x l + w l that lies inside a
certain bounded domain ­ 0 that depends only on boundary conditions. Since x i

k
are bounded, this implies that the claim is true for all displacements w l which are
feasiblefor the smaller packing P. Clearly the set of all such displacements is larger
than the set of all u l feasibleunder all constraints (1.1), and the latter set is larger
than the set of all u l feasible under the linearized constraints (1.2). This proves
the claim.
Step 2. Let

(5.8) v i =
X

j 2N i

q ij ; i = 1; 2; : : : ; 2(N ¡ Nb):

First, we prove the theorem under the additional assumption

(5.9) For each i = 1; 2; : : : ; 2(N ¡ Nb); v i 6= sq ij ;
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where j 2 N i ; s 2 R. Note that (5.9) doesnot hold for a hexagonalperiodic graph,
or any periodic graph with an even number of edgesincident at a vertex (in this
caseall v i = 0).

We note that (5.9) implies that

(5.10) jv i j ¸ v0 > 0

with v0 independent of i . Indeed, s can be zero, so validit y of (5.9) means in
particular that all v i are non-zero. Sincethere is ¯nitely many v i , (5.10) holds.

Consider solutions of the KKT system (5.2,5.3,5.4,5.5). From (5.4), (5.5) it
follows that ¸ j = 0 if the j -th constraint is inactive. Let µj = (Rz + a) j . If
the j -th constraint is active then µj = 0, while ¸ j is arbitrary . Suppose that
a feasible point z? is given. Then µj are given. To solve (5.2) we need to ¯nd
¸ . Denote by r k ; k = 1; 2; : : : ; E the rows of R (the columns of RT ), and sup-
pose that the rows r 1; r 2 : : : ; r S correspond to the active constraints, and that
the rows r S+1 ; r S+2 ; : : : ; r E correspond to the inactive constraints. Choose d =
(¡ d; ¡ d; : : : ; ¡ d). Then (5.2) can be written as

(5.11) ¡
SX

l =1

r l ¸ l +
EX

l = S+1

r l µl + d
EX

l =1

r l = 0:

Pick a vertex x i of ¡ and consider the restriction of each r l in (5.11) to the two
components corresponding to x i . Then we have

(5.12) ¡
0X

j 2N i

¸ ij q ij +
00X

j 2N i

µij q ij + dv i = 0;

where the ¯rst sum is taken over active edgesincident at x i , while the secondsum
is over the inactive edgesincident at x i .

Next, wedetermine the minimal number of activeedgesneededfor (5.12) to hold.
We can look at (5.12) asa local problem in which u i may vary, while u j ; j 2 N i are
¯xed. Denote by F i ½ R2 the feasibleregion of this local problem. By A3, F i is a
polygon, each side of which corresponds to one or more constraints being active.

In the generic case,one constraint per side is active. In the non-genericcase,
two or more active constraints correspond to the same side. Since our goal is
estimating the number of active constraints from below, it is su±cient to consider
only the generic case,corresponding to the \w orst casescenario". In the generic
casethere are only three possibilities.
Case1. u i is inside F i . All edgesincident at x i are inactive.
Case2. u i belongsto only one of the sidesof @F i . One edgeis active.
Case3. u i is a vertex of F i . Two edgesare active.

Consider case1. Then (5.12) cannot hold for d su±ciently large. Indeed, jv i j ¸
v0 > 0 by assumption, while j

P
j 2N i

µij q ij j is bounded from above independent of
d in view of (5.7).

Consider case2. Let us number the active edgeby (i; 1). Then (5.12) can be
written as

(5.13) ¡ ¸ i 1q i 1 +
X

j 2N i ;j > 1

¡
(u i ¡ u j ) ¢q ij ¢

q ij + dv i = 0:

Enlarging d, if necessary, we seethat (5.13) can hold only if

(5.14) v i = sq i 1;
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wheres < 0. Since(5.14) is not allowed by (5.8), (5.12) cannot hold for su±ciently
large d.

Consider case3. Number the two active edgesby (i; 1), (i; 2). The equation
(5.12) is

(5.15) ¡ ¸ i 1q i 1 ¡ ¸ i 2q i 2 +
X

j 2N i ;j > 2

¡
(u i ¡ u j ) ¢q ij ¢

q ij + dv i = 0:

For this to hold for large d, v i must be a non-positive linear combination of q i 1; q i 2.
Thesetwo vectors are linearly independent, otherwise their intersection would not
be a vertex of F i . So, Case3 is possible,provided v i lies in the negative cone of
two active edges.
Step 3. Now we remove the assumption (5.9). For each i = 1; 2; : : : ; (N ¡ Nb), and

each ± 2 RE , de¯ne a two-dimensional vector ~v i to be the restriction of R
T

± ´P E
l =1 ±l r l to a place i . The theorem will be proved is we show that there is a choice

of ± such that ±l 2 [1=2; 1], and ~v i has property (5.9). Indeed, if such ± is found,
we could choosed = d±, whered > 0 is su±ciently large, and repeat the arguments
made in the ¯rst step, using ~v i instead of v i .

To show existenceof ±, consider the cube CE = f y 2 RE : yl 2 (1=2; 1); l =
1; 2; : : : ; Eg. Pick any point y ? 2 CE . Since CE is open, there is a Euclidean
open ball B (y ?; ½) ½ CE , with the radius ½> 0. Consider the image of B (y ?; ½)

under the mapping R
T

. Since R has full rank, R
T

is surjective, and is therefore

an open mapping. Thus, R
T

(B (y ?; ½)) contains a Euclidean open ball B (R
T

y ?; ½?)

of a positive radius ½? depending only on R
T

and ½, but not on y ?. If R
T

y ? has
property (5.9), we choose± = y ? and we are done. Otherwise, note that for each

i = 1; 2; : : : ; (N ¡ Nb), the ball B (R
T

y ?; ½?) contains a non-empty two-dimensional

Euclidean open ball B i centered at the restriction of R
T

y ? to the place i . Since
for each i the set f v 2 R2 : v = sq ij ; s 2 R; j 2 N i g is a union of a ¯nite
number of lines, it cannot contain a two-dimensional ball. Therefore, for each
i = 1; 2; : : : ; (N ¡ Nb) there must be a vector ~v i 2 B i having property (5.9). Now
we can de¯ne

P E
l =1 ±l r l via its restrictions ~v i . Next, by construction, we can ¯nd

a vector ± 2 B (y ?; ½) ½ CE such that R
T

± =
P E

l =1 ±l r l .
The theorem is proved.

6. Order parameter

Recently , a phenomenologicaltheory of slow densegranular °ows was proposed
in [1, 21]. A key quantit y in that theory is the order parameter, de¯ned asthe ratio
of the number of solid-like contacts to the number of all contacts within a given
control volume. In [21], a contact is consideredsolid-like if two particles are jammed
together for longer than a characteristic collision time. The relevant characteristic
time is ¿ = a=va , where a is particle radius and va is the speedof sound in a solid
material of the particles. Our model corresponds to the instantaneous material
response,when ¿ is much smaller than other relaxation times in the system, such
as the ratio of the samplesizeto a typical particle velocity.

An obvious type of pair motion leading to a solid-like contact is a rigid dis-
placement (a pair of particles in¯nitesimally moves as a rigid body). We shall
call this type of contacts stuck. If a contact between D i and D j is stuck, then
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(u i ¡ u j ) ¢q ij = 0, which is easy to check using the de¯nition of rigid displace-
ments. This meansthat the impenetrabilit y constraint for the corresponding edge
of (i; j ) of the network is satis¯ed asan equation (the edgeis active). However, not
every active edgecorresponds to a stuck contact. Another type of a local motion
that produces(u i ¡ u j ) ¢q ij = 0 is an in¯nitesimal shear motion when u i ¡ u j is
orthogonal to q ij . The corresponding contact is called sheared. Note alsothat in¯n-
itesimal shear is the sameas in¯nitesimal rotation, so this type of motion includes
in¯nitesimal rolling as well as shearsliding.

We considerboth shearedand stuck contact assolid-like, becausestuck contacts
are stable, while shearedcontacts in an actual granular material will be subject to
friction. Friction can be viewed as partially stabilizing, at least when the shear-
ing force is below the static friction threshold. Such non-sliding frictional contacts
are consideredas solid-like in the simulations performed in [21]. In addition, some
heuristic arguments and numerical simulations presented in [7, 8], suggestthat fric-
tion enhanceselastic behavior of su±ciently large samples. Therefore, it makes
senseto think of the network of solid-like contacts as the main load-bearing struc-
ture and call this network strong. In contrast, a broken contact satisfying (1.3)
corresponds to a local weakening in the material becausein this casetwo particles
separatecompletely. We can think of the network of all broken contacts as weak.
Moreover, division of contacts into broken and solid-like correspondsto the division
of constraints into active and inactive, as done in optimization theory. Therefore,
this division is natural mathematically, and alsomakessensefrom the physicspoint
of view.

In addition, the de¯nition in [21] does not su±ciently clarify the nature of av-
eraging. The notion of an order parameter in static problems should not use time
averaging. The result of spatial averagingdependson the sizeof the samplethat is
being averaged. Thus, if the order parameter is obtained by, say, spatial averaging,
then it must depend on both location and sizeof the \control volume". In the dis-
crete situation, the size of the averaging sample can be measuredby the minimal
number of edgesconnecting a pair of vertices within the sample.

This suggestsa de¯nition of the size-dependent order parameter. To state this
de¯nition we ¯rst de¯ne the averaging sample.

De¯nition 6.1. A vertex x j is in the k-th neighborhood of x i if ¡ contains a path
connecting x i and x j with no more than k edges.

Now, to each k-neighborhood we can associate a value of an order parameter.

De¯nition 6.2. For each x i and each non-negative integer k · N , the sizedepen-
dent order parameter ½(x i ; k) is de¯ned by

(6.1) ½(x i ; k) =
P

k nsP
k n

;

where the numerator is the number of active edgesin k-neighborhood of x i , and
denominator is the number of all edgesin that neighborhood.

Theorem 5.1 implies the lower bound

(6.2) ½(x i ; N ) ¸
N
E

on the order parameter associated with the maximal, N -th neighborhood of each
interior vertex x i . Indeed, counting active edges(two per vertex) gives 2N edges,
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each counted at most twice. In particular, (6.2) meansthat the order parameter
½(x i ; N ) is boundedfrom below by the reciprocal of the meancoordination number
of the network.

7. Conclusions

We have studied a linear spring network model of granular statics without fric-
tion. In our model, the packing was represented by a network of linear elastic
springs. Each spring corresponds to a contact between two particles. Geometric
impenetrabilit y constraints within the packing were modeled by the linearized im-
penetrabilit y constraints on the displacements of the vertices of the network. The
constraints have the form of linear inequalities, that can be satis¯ed either as an
equality (an active constraint), or as a strict inequality (inactiv e constraint). Con-
straints are in one-to one correspondencewith the edgesof the network, which
makes it natural to consideractive and inactive edges.The question addressedin
the paper wasto estimate the number and distribution of activeedgesin the energy-
minimizing con¯guration. We showed that each interior vertex of the network has
at least two active edgesincident at it. This result qualitativ ely reproduces the
micro-band structure obtained in [14, 15] by numerical simulations. We also dis-
cussedthe connectionbetweenour result and a lower bound on the order parameter
[1, 21]. In the paper, we proposeda de¯nition of the order parameter that is similar
to the oneintro ducedin [21], but di®ersfrom it in the interpretation of the so-called
solid-like contacts. On the one hand, our de¯nition appearsto be in accord with a
physical picture of granular statics, recently proposedin [7, 8]. On the other hand,
it is a naturally related to optimization theory.
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