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Abstract

In this paper, we consider the extended linear-quadratic problems arising in stochas-

tic programming. This class of problems is a nonlinear extension of the two-stage
stochastic linear programming problem considered in [3]. The work reported in this
paper is an analog of the work in [3] with extensions of the three polynomial cutting
plane algorithms given there to this more general class of problems.
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1 Introduction

In [3], we consideredthe problem:

minimize Z(z):= ¢’z + Q(x)
subjectto Az = b 1)
x>0

wherex € R™ is the decisionvariable,and A € R™*™, b € R™ andc € R™
are deterministic data, and Q(z) := E[Q(z, q,h, M, T)], the expectation with
respect to randomdata q € R™, h € R™, M € R™>*" T ¢ R™*™ of the
value of a function ). The dependenceof function ¢ on x and a realization ¢,
h, M and T of q, h, M and T respectively was speci ed by

Q(z,q,h, M,T) = inf {¢"y:My=h—Tz,y>0} (2)

yeR"2

We assumedhat random data have the given discreteprobability distribution

{((d, n, MY T, Y, 1= 1,2,... K} (3)

P
sothat Q(z) = = 1%, p'Q(z, ¢, b, M', T").

The problem de ned by (1,2,3) above is referredto asthe two-stagestochas-
tic linear programming (SLP) problem with recourse.In [3], we derived three
polynomial cutting plane algorithms for (SLP) basedon the recourseformu-
lation (1,2,3). The three algorithms are basedon the ellipsoid method [7,10],
the notion of volumetric certer [1,21], and the notion of analytic certer [4]
respectively. We also presemted polynomial complexity results for the three
algorithms.

In this paper we shall consideran extensionsof (SLP), and presen exten-
sionsof polynomial cutting plane algorithms that we presetted in [3] to this
extensionof (SLP).

Considerthe stochastic quadratic programming (SQP) problemwith recourse:

minimize Z(x):= 'z + %xTC’x + 9(x)
subjectto Ax = b 4)
x>0

wherez € R™, A € R™*™, b € R™ andc € R™ areasin [3],C € R is
asymmetric, positive semide nite matrix, and Q(z) := F[Q(x,q,h, M, T, H)],



the expectation with respectto randomdata q € IR"2, h € R™, M € R™*"2,
T € R™*™ H e R™>*™ of the value of a function @). The dependenceof
function @ on z and a realization ¢, h, M, T and H of q, h, M, T and H
respectively is speci ed by

1
Q(x,q,h, M, T, H) := sup {(h—Tz)"w— éwTHw cMTw < ¢} (B)

welR™M2

We assumethat random data have the given discrete probability distribution

{((, W, MY T HY, Y, 1= 1,2, K} (6)

P
sothat Q(z) = [ p'Q(x, ¢, 1!, M, T", HY).

The (SQP) de ned in (4,5,6) is a special caseof the following extendedlinear-
quadratic problem (ELQP):

. 1 1
minimize ¢’z + Z27Cx+ sup{(g — Gz)"w — Zw’ Hw}
2 weW 2

subjectto = € X, (7)

wherec € R", positive semide nite C' € R"", g € R™, G € R™*", positive
semide nite H € R™™, X = {z € R" : Az = b,x > 0} with A € R™*" and
be R™,and W = {w e R™: MTw < ¢} with M € R™"™ and ¢ € R™. To
obtain (4,5,6) from (7) let n := ny, assumethat my, c,z,C, A,b, X and n, are
the samein both problems,and make the following additional assignmets in
(7) with m := moK:

2 3 2 3
wl plhl
w = g : % e R™K ~ g:= g : % e R™K,
’LUK pKhK
2 2 3
plTl Ml
G = g : E e RUm2fxm = g E € R(m2Fx(n2k),
pKTK MK
2 3 2
ql plDl
q:= g : % € R?%  and H := g % e R(m2E)x(m2K)
qK pKDK



Note that in stochastic programming modelsthe number of realizations K in
the distribution (6) is large. Therefore in problem (7) arising from stochas-
tic programming models, the dual vector w is large-scalewith dimension
m = myK. On the cortrary, the primal vector x is of just ordinary size
with dimensionn := nj.

The (ELQP) (7) wasintroducedin a seriesof papers[16{18]by Rockafellar and
Wets. Applications of (ELQP) (7) in optimal cortrol, stochastic programming,
and multistage optimization have beenstudied by Rockafellar and Wets [16{
18]. Our work on problem (7) thereforeis applicableto (SQP) (4,5,6) aswell
asto someof the more generalproblemsin [16{18].

In most of the applications of (ELQP) (7), the matrices H and M are large-
scaleand block diagonal (as for examplein the model arising from the (SQP)
(4,5,6)). In this paper, we dewelop cutting plane algorithms for (ELQP) (7)
assumingthat H := diag(#*,..., HX) and M = diag(M?,..., M¥) where
H' e R™*™ and M' € R™*"2 for [ = 1,2,..., K. Although we treat these
blocks to be of equal size, our work readily extendsto the caseof blocks of
di erent sizes.

In deriving cutting plane algorithms in [3] for (SLP) (1,2,3) we started out by
letting

Sy:={x € R™ : Ax = b},
Spy:={r e R™:x >0}, and (8)
\K
{reR™:(3yecR™: My=hn'—Tz,y>0)}.
=1

S3:

Then the problem (1,2,3) is equivalert to

minimize Z(z):=c'z+ 6
subectto 9(z) <0 (9)
reS:= Slﬂ52ﬂ53,

whereQ(x) isde ned asin (1,2,3). Wethen presened cutting-plane algorithms
directly for (9) basedrespectively on the ellipsoid algorithm, on the volumetric
certer algorithm and the analytic certer algorithm together with results on
their complexities.

(ELQP) (7) canbe written in the form

. 1
minimize Z(x) := ¢’z + éxTC'x + 0



subjectto Q(x) <0 (10)
x € 57N S5N S35,

where S5 and S5 are respectively de ned as S; and S, in (8),

\K
Ss:= {reR™: (3 e R, w' e R™): Huw' + M'y' = ¢' — G'z,y' > 0)},
=1

and Q(z) = sup{(y — Gz)"w — Fw'Hw} = P K, QY(x), where Q'(z) :=
weW

sup{(¢' — G'z)Tw! — F(w")THw' : (M")Tw' < ¢'} for I = 1,2,..., K. Notice
that z is feasibleto the problem (10) if and only if x € Sf N .S5 N S.

We now make the following assumptionson problem (7):

(A4.1) A hasfull row rank, and
(A4.2) (7) hasa minimizer z*.

There are no known polynomial complexity results for most of the existing
algorithms for (ELQP) (7). These algorithms include onesdue to Rockafel-
lar and Wets ([16{18]), Qi and Womerseley[14], Chen, Qi and Womerseley
[5], and Chen and Womerseley[6]. These algorithms are not interior point
algorithms and these authors presen results on their corvergenceand rates
of corvergence,but not on their computational complexity. The only inte-
rior point algorithm for (ELQP) (7) known to us is due to Sun and Zhu
[19]. Their algorithm convergesto solutionswith duality gap at most e within
O(v/m + nlog(uo/€)) iterations using inexact predictor and corrector direc-
tions. Here ¢ is a userspeci ed toleranceon duality gap and y is a constan
sud that m + n = O(uo/€). Since ead iteration takes O((m + n)3) arith-
metic operations, the complexity of their algorithm is O((m + n)3°log(uo/¢€))
arithmetic operations. Note that in the special caseof (SQP), m := m,K and
thereforein terms of arithmetic operations,the complexity of their algorithm
for (SQP) dependson K3%. Sunand Zhu [19, §4.1] discusshow the structure
of (SQP) canbe exploited in computations, but do not discussits implications
on overall complexity. In this paper we presen three cutting plane algorithms
for (ELQP) (7). We alsostate complexity results which indicate that the total
arithmetic operationsof the algorithms are linear in the number of realizations
K.

The next section descrites a generalframework that uni es the three algo-
rithms presenied in [3] for (9). Basedon this unied framework we descrike
extensionsof the three algorithms in [3] to (ELQP) (10) in §3.



2 A General Framework for Algorithms in [3] for (SLP)

In this section,we descrile a generalframework that uni es the three cutting
plane algorithms presenied in [3] for problem (9). As a result, we seethat
these algorithms extend to (ELQP) (10) sinceit is similar in structure to
(9). The uni cation of thesealgorithms also provides a better understanding
of their common properties and the common proof techniques usedin their
corvergenceanalyses.

As in [3], we assumethat

(A1) A hasfull row rank, and
(A2) (9) hasa minimizer [(z*)T, 6*]7.

In [3], we supposethat we have an oracle that doesthe following. Suppose
that the oracleis presemed with [z7,0]" satisfying Az = 0 and =z > 0 (i.e.

x € S1N.Sy). Then the oracle decideswhether x € S3 or not. If it decides
that = ¢ Ss, it returns D € R™ and d € R sudh that DTz > d for all x € S;

and DTz < d. If the oracle concludesthat = € S, then it decideswhether
Q(x) < 6 (i.e. whether [z, 0]" is feasiblefor (9)) or not. If it decidesthat

Q(x) > 6 then it returns £ € R™ and e € R sud that E7z + 6 > e for all

[T, 0] feasiblefor (9) and EZx + 6 < e. If it decidesthat Q(z) < 6 then

it returns the value 0’ of the objective function in the linear program at any

feasiblepoint with 6’ < 6.

Readersfamiliar with the work of Van Slyke and Wets [23] on simplex-based
cutting plane algorithms for stochastic linear programswould recognizethat

these are the analogsof the \feasibility cuts" and \optimalit y cuts" in the

terminology of [23]. Howewer, as we saw in [3], the oracle does not have to

solwe linear programsexactly to specify thesecuts. We indicated se\eral ways

the work of the oraclemay be performedin [3] together with estimatesof the

correspnding costs.

The three cutting plane algorithms descriked in [3] are basedon the following
generalsdheme.

They beginwith a\simple" setthat contains a solution and this simple setis
a member of classof setssudt that a well-de ned \center" of the simple set
to be usedasa test point is easyto compute. Sothey do not require the full
knowledgeof the constrairts in advanceand they allow the cutting planesto
be generateddynamically. The algorithms createa sequencef sud simplesets
containing the solution alongwith a sequencef correspnding \centers". Let
P denotethe simplesetat an iteration. Basedon the test point the algorithms
modify the set P to obtain a new simple set P cortaining the solution, and
obtain a well-de ned approximation to the new \center" correspnding to



the new set P. This procedureis repeated. The simple sets shrink and the
algorithms ewertually nd a solution to the problem. The modi cation of P
to P and obtaining the appraoximation to the new\center" are very important
for obtaining convergern algorithms, and analyzing their complexities.In the
ellipsoid algorithm, the simple set usedis an ellipsoid and the test point used
is the certer of the ellipsoid. Given the ellipsoid P cortaining a solution and
the information at the certer of P, the ellipsoid algorithm sets P to be the
minimum volumeellipsoid cortaining P cut o by asuitable hyperplane.In the
volumetric certer or analytic certer algorithms, the simple set is a polytope
de ned by a nite number of linear inequalities. The test point usedis the
volumetric certer (or a good approximation of the volumetric certer) or the
analytic certer (or a good appraximation of the analytic certer) of sud a
polytope. The modi cation of the polytope P to obtain the new polytope P
involvesthe addition or deletion of linear inequalities. The computation of the
new \center" involvesusing a small number of pure Newton steps.

The following is the uni ed algorithm for (SLP) (9) whereasin [3] we assume
without loseof generality that b = 0.

Step 0. We start with a simple set P, ¢ R™*! that cortains a minimizer
[(z*)T,6*]" of the problem (9) and with certer zy := [23,60]" € R™*. Set
k:= 0.

Step 1. We computethe projection =, := z,, of x;, onto the spaceS;, where
2 3
P, 0
=8 7L and Py:= 11— AT(AAT) 1A,

o' 1

Case 1. 1, € 5.
Then there exists j, with 1 < j, < n; sud that e] z;, < 0. We add a
\nonnegativity" cut (See§52, 3, and 4 of [3] for speci ¢ formsfor ellipsoid,
volumetric certer and analytic certer algorithms).
Case 2. 75, € 5.
So, Az, = 0 and z;, > 0 and we call the oracle.
Subcase 2.1 The oracleindicatesthat z; ¢ Ss.
In this case the oraclereturns D, € R™ and d; € R sud that Dfz >
dy, for all z € S; and D]z, < d,. We add a cut basedon D;, and dj, (See
662, 3, and 4 of [3] for speci ¢ formsfor ellipsoid, volumetric certer and
analytic certer algorithms).
Subcase 2.2 The oracleindicatesthat z; € Ss.
In this case,the oracle decideswhether 9(z,) < 6, or not. We have
two further subcases.
Subcase 2.2.1 The oracledecidesQ(xy) > 0.
In this case[z?,0,]" is not feasiblefor (9) and the oracle returns
E, € R™ and ¢, € R sud that for all [zT,6]" feasiblefor (9)
Efz+ 0 > ¢, and Ef'z, + 0, < e,.. The E;, and ¢, are then usedto



de ne the new cut correspnding to the three algorithms (Seegs2,
3, and 4 of [3] for speci ¢ forms for ellipsoid, volumetric certer and
analytic certer algorithms).
Subcase 2.2.2 The oracledecidesQ(z;) < 0.

In this case[z}, 0,]" is feasiblefor (9) and the oraclereturn the value
0" with ¢’ < 0,. We add an objective cut and update 6,+; = ¢’ (See
662, 3, and 4 of [3] for speci ¢ forms for ellipsoid, volumetric certer
and analytic certer algorithms).

Step 2. With the newcut de ned above we modify the set P, to Py+1, which
cortains the minimizer of the problem. We then obtain a well-de ned ap-
proximation x;+; to the new cenrer correspnding to the new set P+, . We
setk := k+ 1, and repeat the procedure.

The basic fact that drives the corvergenceand complexity analysesof the
three algorithms is that the volume of the sets P, shrinks at a constart rate.

For the ellipsoid algorithm [7], we have that

Vol(Py+1) < b(n)Vol(P), forall k

with 0 < b(n) < 1 and b(n) < e~ Y/C*D)

For the volumetric certer and analytic certer algorithms, sincethe algorithms
involve the deletion of cuts, the volume may increaseat someiterations. How-
ewer, we always have that

Vol(Py+1) < (b(n))*Vol(P), for all k,

which allows us to prove polynomial complexity results.

Given a tolerancee > 0, let

S. = {[z7,0]" € R™* : [27,6]" is feasibleand
e+ 0<cla*+ 0"+ ¢}, (12)

where z is the projection of = onto the spacesS; givenby x := x. With the
assumptionthat the set S. N P, cortains a ball of radius 2=%, we have the
following summary of the complexitiesof the three algorithms for obtaining a
solution [47, 8] € S..

Summary

Algorithm Complexity



Ellipsoid algorithm O(Tn2L + njL)
Volumetric certer algorithm O(TniL + niL)
Analytic certer algorithm O(Tn L? + njL3)

whereT is the costof a call to the oraclein arithmetic operations.

In [3], in the case(SLP), we indicated seeral ways in which the work of
the oracle which the three algorithms call may be performed. We sav that
the oracle work does not necessarilyinvolve solutions of linear programsin
cortrast to the caseof algorithms sud asthe Van Slyke and Wets algorithm
[23]. One way to perform the oraclework is to solwe feasibility problems.We
can usethe ellipsoid algorithm on the feasibility problems. The oracle work
performedby using the ellipsoid algorithm on the feasibility problemswould
have complexity O((nom3 + m3)K L) in terms of arithmetic operations, so
T := O((nam3 + m3)KL). We can also use the volumetric certer algorithm
[1,20] on the feasibility problems,and then T := O(n338KL). Alternativ ely,
we can usethe analytic certer algorithm of [4], which makesT := O(n3K L3).

It is also possibleto perform the oracle work using linear programming al-
gorithms, sud asthe ellipsoid algorithm [7], the algorithm of Vaidya [22] or
the algorithm of Renegar[15]. If the algorithm of Vaidya [22] is usedin this
manner, the analysisin [22] givesthat the oraclework 7' := O((nz+ my)m3+
(n2 + my)t®my) K L) in terms of arithmetic operations.

3 Polynomial Cutting Plane Algorithms for (ELQP) and (SQP)

The similarity of the problem (10) and the problem (9) suggeststhat the
three algorithms givenin [3] could be modi ed for solving (10). Note that the
uni ed algorithm we descriked at the end of §2 is applicableto (ELQP) when
we specify how the oraclework may be performed. Therefore,in the sequel,
we only indicate how the work of the oracle which the algorithms call may
be performed. We omit the superscript ‘e’ we usedin (10) sincewe are only
dealingwith (ELQP) in this section.

Recallthat the oracleis always preseried with z := [z, 0]" with z € S; N S,.
The oracleis expectedto do the following.

(a) Decidewhether z € S3 == N& {z € R™ : (3(y' € R, w' € R™) :
Haw!+ M'y! = bt — Tz, y' > 0)} or not, returning D € R™ andd € R
sud that DTz > d for all z € S; and DTz < d if x ¢ S.

(b) If x € S3 decidewhether Q(z) := meaV%({(g—Gx)Tw—%wTHw} < 6 or not,

returning £ € R™ ande € R sud that E7z+ 60 > eforall z € S;NS>N S5
andall § with Q(z) < 6, and ETx + 6 < e, if indeed Q(z) > 6.



(c) In the caseof Q(z) < 6, return ¢’ < 6.

We needto refer to the linear programs

minimize e”(vl), + e’ (vh)_
subject to  H'wi + My, + (vi)+ — (vh)_ = ¢' — G'ay, (12)
y;cv (U]lg)+ ) ('U;c)— Z 07

and the quadratic programs

. 1
maximize (¢' — G'ap) wl — é(wL)TleL
subject to (M) wl < ¢! (13)

forl=1,..., K. A positive optimal value of (12) implies z;, ¢ S3. The optimal
value of (13) de nes Q'(z;). The duals of (12) and (13) respectively are

maximize (g' — G'ap)Twl,
subjectto (H)"w\=0 (14)
(]W)waf <0

—egwége

and
minimize %(wﬁc)TleiﬂL ()",
subject to  H'w, + My, = (¢' — G'xy) (15)
yp >0
fori=1... K.

It is clearthat any feasiblesolution w! ( 1 <1 < K) to (14) which satis es

(gl — Glxk)Tw/fC >0

can be usedto de ne D, and d,, of the oraclewith D, := (G")Tw! and d; :=
(") Twt sincefor sud D, anddy, (Dy)Tx > dy forall x € Sz and (D), < dy.

Any set of feasiblesolutionsw!, 1 <1 < K, to (13) which satisfy

pas 1
(9" = Gle) "y, = S(wh)" H'wi) > 6
=1

10



. P
can bePusedto de ne Ej, and ¢, of the oraclewith E;, := — £, (G)Tw! and
er = R ((gHTwt — %(wi:)Tlei,). We have Efz + 0 > ¢, for all [2T,0]"
feasibleto (10) since

X 1
er — Efe=" ((¢' — G'z)Twl, — é(wZ)Tleff
1=1

X<
< Qw) = Q) <46

=1

for all [T, 0]" feasibleto (10), and the cut Elz+ 6 > ¢, separateshe current
iterate [z1, 0,]".

Any set of feasiblesolutions y!, w!, 1 < < K, to (15) which satisfy

X 1
() Tyh + é(wk)Tlek) < b
=1

can be usedto update the upper bound of the problem with

1 X< 1
Zy = clay + 293;‘50% + ()L + é(wk)Tlek)
=1

1
< Py + éngmk + 0.

Note that the oracle work involvesthe solution of linear and quadratic pro-

grams.As in [3] in the caseof oraclework for algorithms for (SLP), there are

marny ways to perform the oraclework outlined above for (ELQP). One pos-

sibility is to usethe algorithm of Den Hertog et al. [9] to solve the necessary
linear and quadratic programs. We will then have that T := O(n$°KL) in

terms of arithmetic operations.

We canobtain an ellipsoid, volumetric certer and an analytic certer algorithm
for (ELQP) from the unied algorithm given at the end of §2 as follows.
First, specify the oraclework as outlined above. Secondly specify the initial
conditions, sets P, and the updating processthat gives P,+; from P, asin
the caseof the ellipsoid, volumetric certer and analytic certer algorithms
respectively for (SLP) (i.e., Algorithms 4, 5 and 6 of [3] respectively).

We have
Theorem 1 Let S, be de ned asin (11). Supmwsethat an ellipsoid, a volu-

metric center and an analytic center algorithm for (ELQP) are obtained from

11



the uni e d algorithm given at the end of §2 as just outlined alove. Supmpse
that S. N P contains a ball of radius 2-*. Then thesethree algorithmscan nd
a solution [27,8]7 € S, in polynomial numter of iterations. The complexity
(in terms of arithmetic operations) of the three algorithms for (ELQP) are

Algorithm Complexity
Ellipsoid algorithm O(Tn2L + niL)
Volumetric center algorithm O(TniL + niL)
Analytic center algorithm O(TnyL? + njL3)

wheee T is the oraclework. If the algorithm of Den Hertog et al. [9] is usel to
perform the oracle work then T := O(n3°KL). These complexity bounds are
linear in K.

4 Concluding Remarks

In this paper we have indicated how the polynomial cutting plane algorithms
presered in [3] may be extendedto the extendedlinear-quadratic problems
(ELQP) arising in stochastic programmingwhich asmertioned in §1 includes
the classof stochastic quadratic programming (SQP) problems.We have also
indicated how the complexity analysis presetted in [3] for the linear case
extends naturally to this nonlinear case.In particular, this new complexity
analysisimplies that the algorithms presetted in this paper for (SQP) have
complexitiesin terms of total arithmetic operations linear in the number of
realizations of the underlying random data.

We concludethis paper by indicating that the techniquesutilized in this pa-
per may also be usedto obtain polynomial cutting plane algorithms for a
certain classof block diagonal corvex programming problems|[8,11,12],which
is another nonlinear extensionof the linear problemstreated in [3].
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